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Delayed capillary break-up of viscoelastic filaments presents scientific
and technical challenges relevant for drop formation, dispensing, and
adhesion in industrial and biological applications. The flow kinematics
are primarily dictated by the viscoelastic stresses contributed by
the polymers that are stretched and oriented in a strong exten-
sional flow field resulting from the streamwise gradients created
by the capillarity-driven squeeze flow. After an initial inertio-
capillary (IC) or viscocapillary (VC) regime, where elastic effects
seem to play no role, the interplay of capillarity and viscoelas-
ticity can lead to an elastocapillary (EC) response characterized
by exponentially-slow thinning of neck radius (extensional
relaxation time is determined from the delay constant). Less
frequently, a terminal visco-elastocapillary (TVEC) response with
linear decay in radius can be observed and used for measuring
terminal, steady extensional viscosity. However, both IC/VC–EC
and EC–TVEC transitions are inaccessible in devices that create
stretched necks by applying a step strain to a liquid bridge (e.g.,
capillary breakup extensional rheometer). In this study, we use
dripping-onto-substrate rheometry to obtain radius evolution
data for unentangled polymer solutions. We deduce that the
plots of transient extensional viscosity vs. Hencky strain (scaled
by the respective values at the EC–TVEC transition) emulate the
functional form of the birefringence–macromolecular strain re-
lationship based on Peterlin’s theory. We quantify the duration
and strain between the IC/VC–EC and the EC–TVEC transitions
using measures we term elastocapillary span and elastocapillary
strain increment and find both measures show values directly
correlated with the corresponding variation in extensional
relaxation time.
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Quantitative understanding of the role played by material
properties in determining capillary-driven thinning and

breakup is critically important for jetting (1–13), dripping (14–
20) and dispensing (21–26), liquid-bridge breakup in printing
(27–29), atomization and spraying (30–32), drop fission under
strong extensional flows (33, 34), and drop and emulsion forma-
tion in microfluidics or from membranes (35–39). Longer-lived
viscoelastic filaments are also accredited with the stickiness of
saliva (40, 41) and deadly fluids produced by carnivorous plants
(42, 43), as well as increasing fiber spinnability (44–46). Capillary-
driven thinning and pinch-off dynamics of a viscoelastic liquid
neck that connects a drop to a nozzle or another fluid element (jet,
other drops, or liquid bath) determine the processability of for-
mulations, as well as processing parameters, timescales, and out-
comes like drop sizes and size distribution in many industrial and
biological applications (2, 3). Streamwise velocity gradients asso-
ciated with strong extensional kinematics can arise within the
thinning liquid necks. Macromolecules can undergo substantial
(and sustained) stretching and orientation in shear-free exten-
sional flow fields (47–50), leading to the possibility of coil-stretch
transition and hysteresis (48–56), finite extensibility effects (11, 57–
63), and, in extreme cases, chain scission (64–66). Consequently,

due to enhanced drag from stretched chains, the polymer solu-
tions display extensional viscosity, ηE (characterizes the re-
sistance to extensional flow) that can be 10 to 105 times higher
than shear viscosity, η. In contrast, Newtonian solvents exhibit a
Trouton ratio, Tr = ηE=η, of three. Understanding and control-
ling the response of polymer solutions to extensional flows,
manifested as delayed thinning and pinch-off, requires charac-
terization and analysis of extensional viscosity, extensional re-
laxation time, and finite extensibility effects, as well as
knowledge of the influence of macromolecular properties on
pinch-off dynamics. Such properties cannot be captured by
conventional shear rheology characterization or by the use of
conventional extensional rheology techniques in which free sur-
face flows are absent, as detailed elsewhere (3–16, 21–26). In this
contribution, we carry out a detailed and quantitative analysis of
neck-thinning dynamics using dripping-onto-substrate (DoS)
rheometry protocols we developed recently (22–26) to probe and
report the hitherto unexplored correlations between macromo-
lecular properties (relaxation, strain, and finite extensibility) and
the visco-elastocapillary thinning dynamics, advancing our ability
to carry out macromolecular engineering of formulations that
need to be jetted, printed, sprayed, or dispensed.
Based on the theoretical considerations for local stress balance

(incorporating inertial, viscous, capillary, and viscoelastic con-
tributions) (2–4, 57), the radius evolution plots of viscoelastic
filaments or necks are expected to show four regimes with dis-
tinct kinematics for solutions of flexible polymers: (i) a relatively
short initial regime where thinning rate is set by the process that
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creates a neck [follows linear stability analysis in jetting (1, 11)],
(ii) a Newtonian regime that exhibits self-similar thinning asso-
ciated with inertiocapillary (67, 68) (IC) or viscocapillary (68, 69)
(VC) response [IC or VC, depending upon fluid viscosity (3),
detailed later], (iii) an elastocapillary (EC) regime (5, 6, 57–61,
70–74), and (iv) a terminal visco-elastocapillary (TVEC) response
due to finite extensibility effects (3, 11, 57–62). Significant progress
in understanding of pinch-off dynamics of viscoelastic fluids was
enabled by capillary thinning experiments that rely on the creation
of a fluid neck by applying step strain to a fluid confined between
two plates (3, 58, 59, 70–77), especially using the commercially
available technique called CaBER (capillary breakup extensional
rheometer). However, pinch-off is completed even before plate
separation occurs for low-viscosity ðη< 50 mPa · sÞ, low-elasticity
ðλ< 1 msÞ fluids, including aqueous polymer solutions, and for
higher-viscosity/elasticity fluids, the first two stages in neck
thinning and the IC/VC–EC transition either get masked or
occur during the step-strain stage in the CaBER measurements.
The primary extensional rheology measure reported in CaBER
and other capillary-thinning–based studies is extensional relax-
ation time, λE, obtained from the decay constant in the expo-
nential fit to the neck radius evolution data in EC regime (5, 6,
11–14, 21–27, 57–62, 70–84). Only a countable few experimental
studies (58–62) report the strain and strain-rate-independent
value of η∞E or discuss the response in the TVEC regime as the
EC–TVEC transition, and presumably the TVEC regime falls
below the detection limit of the imaging systems. The inability to
investigate the two transitions as well as the response in three out
of four regimes using techniques like CaBER that rely on step
strain (to create neck) present challenges to a quantitative
evaluation of the EC response, the influence of macromolecular
properties, and processability.
We have established that the DoS rheometry protocols that

rely on the visualization and analysis of the radius evolution of a
thinning fluid neck formed between a nozzle and a sessile drop
on a substrate allow measurements of extensional relaxation
time and pinch-off dynamics of complex fluids (22–26), including
low viscosity/elasticity fluids, deemed inaccessible in CaBER
measurements. In this paper, using the radius evolution data for
semidilute aqueous PEO [poly(ethylene oxide)] solutions of two
distinct molecular weights acquired using the DoS rheometry
protocols, we report systematic characterization and analysis
of both EC and TVEC regimes as well as the two transitions,
IC/VC–EC and EC–TVEC, that are typically inaccessible in
the CaBER measurements (3, 58, 59, 70–77) and were ob-
served, but not characterized, in the previous DoS rheometry
studies (22–26, 80–84). In addition to quantifying the con-
ventional measures including λE and η∞E here we introduce and
evaluate three additional measures: the scaled EC span,
ΔtEC=λE, the variation in scaled transient extensional viscosity
ηE=η

∞
E [where ηE = ηtEð«, _«, tÞ is the transient extensional vis-

cosity measured in the EC regime] as a function of Hencky
strain, «= 2 lnðR0=RðtÞÞ, and the EC strain increment, Δ«EC.
We report that in semidilute, unentangled solutions of flexible
polymers, the three additional measures ΔtEC=λE, ηE=η∞E , and
Δ«EC all show a nearly concentration-independent behavior.
We venture to contrast the stress–strain relationship obtained
by analyzing the radius evolution data from DoS rheometry
with the single chain force extension and the corresponding
birefringence–strain relationships. Finally, we elucidate the
role of macromolecular relaxation, strain, and finite extensi-
bility in determining the values of η∞E and λE as well as the three
additional measures, ΔtEC=λE, ηE=η∞E , and Δ«EC and highlight
how our pioneering data acquisition and analysis protocols
provide unprecedented access to the physics of stretched
polymers and the possibilities for macromolecular engineering
of formulations delivered using free surface flows.

Results and Discussion
The DoS rheometry protocols rely on the creation of an un-
stable, stretched liquid bridge by releasing a finite volume of
fluid from a nozzle placed at a fixed distance above a partially
wetting substrate and analyzing the shape and radius evolution of
the neck that connects a sessile and a pendant drop attached to
the nozzle. The DoS rheometry setup is fairly straightforward to
build and emulate, as shown schematically in Fig. 1A, and provides
versatile measurements of pinch-off dynamics of a whole gamut of
complex fluids, as detailed elsewhere (22–24). A comparison of the
image sequences with matched time step Δt= 25 ms for two
aqueous solutions of PEO (molecular weight Mw = 1× 106   g=mol)
with respective concentrations of c = 0.5 and 1.5 wt % (or c/c* of
∼3 and ∼9) is shown in Fig. 1 B and C. Both concentrations lie in
the unentangled regime, cp < c< ce, where the overlap concen-
tration c* represents the concentration beyond which coil-coil
overlap becomes relevant (and solution viscosity, due to poly-
mer contribution, becomes twice the solvent viscosity), whereas
the entanglement concentration ce defines the concentration
beyond which topological interactions between chains dramat-
ically reduce their diffusivity, leading to a strong influence on
dynamical properties like viscosity. A comparison of the neck
shape evolution (see images included in Fig. 1 B and C) shows
that the delay in pinch-off, quantified as filament lifespan tf
increases with an increase in polymer concentration. The
corresponding radius evolution data, obtained by analyzing
the neck thinning dynamics for these two solutions, is plotted
in Fig. 1 D and E, and the IC–EC and EC–TVEC transitions
occur at tc and tFE, respectively. The radius evolution shows
that an increase in polymer concentration results in a corre-
sponding increase in EC span, ΔtEC = tFE − tc, as well as the
filament lifespan tf. Furthermore, Fig. 1 D and E show that
before the emergence of EC response, the initial neck thinning
dynamics are quite distinct, as discussed in more quantitative
terms next.

IC, VC, and EC Response. The balance of capillarity and inertia
governs the thinning dynamics of low-viscosity fluids like water
(2, 10, 16–18, 67) and the initial thinning dynamics of low-
concentration polymer solutions (3, 14, 22–26, 74) (including
c = 0.5 wt % aqueous PEO solution shown in Fig. 1D). The
radius evolution data can be fit by the IC scaling expression given
by Eq. 1:

RðtÞ
R0

=X
�
tic − t
tR

�2
3

. [1]

Here tic represents the time scale of an inertia-dominated pinch-
off process, while tR represents Rayleigh time tR = ðρR3

0=σÞ
1=2

associated with the oscillation frequency of a droplet. Recent
computational and experimental studies (19, 20) show that the
value of prefactor X is close to 0.4, although the early theoretical
and experimental studies (15, 74–76, 85) reported or utilized
values in the range of 0.6 to 0.8.
The radius evolution data for a higher-concentration c =

1.5 wt % polymer solution shows a delayed onset of the EC re-
gime. The initial thinning dynamics exhibit a VC response that is
governed primarily by a balance of capillarity and viscosity (3, 69)
and results in a neck thinning profile that thins linearly over time,
as described by the following expression:

RðtÞ
R0

≈ 0.0709
σ

η0R0

�
tp − t

�
. [2]

Unlike the Rayleigh time, the VC time, tvc = η0R0=σ, depends
upon viscosity. The ratio of two timescales yields a dimension-
less measure of viscosity known as the Ohnesorge number,
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Oh= tvc=tR = η0=
ffiffiffiffiffiffiffiffiffiffiffi
ρσR0

p
, after von Ohnesorge (86), an early

pioneer in the field of drop formation. The ratio depends upon
the relative importance of viscous and inertial effects and the VC
response is observed for Oh > 1 values. Here, tp is the IC pinch-
off time. For both molecular weights, as Oh < 0.1 for c/c* < 4,
the IC regime, followed by EC and TVEC regimes, can be ob-
served and analyzed, even though similar measurements are well
below the range of CaBER-based measurements [see the de-
tailed analysis of the measurable range with CaBER measure-
ments by Rodd et al. (74)].
The radius evolution data for both solutions (Fig. 1 D and

E) show a clear transition to the EC regime after time tc. The
transition is delayed for higher-concentration PEO solutions
with higher viscosity and elasticity. The transition to the EC
regime is accompanied by a significant decrease in thinning
rate _R=−dR=dt as well as the extensional rate defined as
_«=−2 _RðtÞ=RðtÞ. The radius evolution data in the EC regime
appears as a straight line on the semilog plots, implying the

data can be fit by a decaying exponential function of the fol-
lowing form:

RðtÞ
R0

≈
�
GER0

2σ

�1=3

exp½−ðt− tcÞ=3λE�. [3]

Even though expression 3 is based on the theoretical and exper-
imental results by Entov, Yarin, and coworkers (4–6, 57–59, 70–
72), Renardy (87), and McKinley, Clasen, and coworkers (3, 10–
14, 21, 27, 43–45, 60, 61, 73–76, 79, 88), among others (22–24, 49,
50, 77, 80, 81), the specific form of Eq. 3 and the parameters
included differ from the most often cited Entov–Hinch expres-
sion (57) and the expression suggested by Zhou and Doi (89).
Here GE and λE are defined as the extensional elastic modulus
and the longest extensional relaxation time, respectively, imply-
ing these are distinct from the corresponding values that can be
obtained from shear rheology characterization. The form given
in Eq. 3 includes a timescale tc defined at the onset of the EC

Fig. 1. DoS rheometry setup and representative radius evolution plots and space–time diagrams. (A) DoS rheometry setup consists of an imaging system that
includes a high-speed camera with additional lenses and a dispensing system that includes a syringe pump connected to a nozzle. (B) The sequence of images
for the aqueous PEO solution (Mw = 1× 106   g=mol and c= 0.5wt %) obtained at 8,000 fps shows the formation of slender, cylindrical neck that emerges due to
EC thinning response. (C) The sequence of images for the PEO solution (Mw = 1× 106   g=mol and c= 1.5wt %) shows a delayed breakup in contrast with B. (D
and E) Radius evolution over time plotted for the PEO solutions with c= 0.5wt % and c= 1.5wt %, obtained by analyzing neck shape and neck radius
evolution over time. The neck radius is scaled using nozzle radius, 2R0 = 1.27 mm. (F and G) Space–time diagrams for the two PEO solutions highlight the
difference in the initial dynamics and transitions, as well as show that the neck persists beyond the minimum resolvable radius, and filament lifetime is longer
than the lifespan apparent from the radius evolution plots.
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regime. Carrying out analysis in this shifted time provides more
physically reasonable values for GE. We note that GE ≠G≡ ηpλs
or the value of GE cannot be computed using the product of
polymer contribution to solution shear viscosity and shear relax-
ation time. Furthermore, it follows that the radius at IC/VC to
EC transition defines the prefactor in Eq. 3 (and radius at this
first transition Rc ≈R0ðGER0=2σÞ1=3 is also determined by inter-
play of elasticity and capillarity). While DoS rheometry allows a
robust analysis of both EC regime and λE values for semidilute
polymer solutions [as detailed in our previous study (22)], Clasen
(78) showed that the corresponding analysis of CaBER data is
fraught with larger errors, [others showed that comparison with
theory often requires the inclusion of a prestretch (57, 73)], and
consequently the time span between two transitions and the con-
nections with macromolecular properties and conformational
transitions remain unexplored.

Radius Evolution in the TVEC Regime. In the EC regime, filament
thinning proceeds with a constant extensional rate such that the
effective Weissenberg number, WiE = _«λE = 2=3 is the same for
all measurements despite molecular weight or concentration
variations, even though the thinning rate and the actual exten-
sional rate for each fluid is set by its extensional relaxation time.
Although the strain rate exhibits a constant value, the Hencky
strain «= 2 lnðR0=RðtÞÞ increases monotonically, accompanied by
a progressive buildup of macromolecular strain and orientation,
which leads to the emergence of the TVEC regime due to the
finite extensibility effects. Although the extensional rate remains
constant in the EC regime, after the EC–TVEC transition occurs
at the instant tFE, the extensional rate rises again. In the TVEC
regime, the extensional viscosity value reaches its terminal,
steady-state value, and the radius evolution can be described by
the following expression (3, 90):

RðtÞ
R0

=
σ

2R0ηE

�
tf − t

�
=

1=2
Oh  Tr∞

�
tf − t
tR

�
. [4]

Here Tr∞ = η∞E =η0 is the terminal Trouton ratio and Oh=
η0=

ffiffiffiffiffiffiffiffiffiffiffi
ρσR0

p
. The value of Rayleigh time tR is ∼2 ms for PEO

solutions (computed using outer nozzle radius), and tf refers to
the filament lifespan. The existence of steady, terminal exten-
sional viscosity implies that there is an upper bound to the vis-
coelastic stresses that can be generated from the interplay
between the effect of stretching and orientation.

Viscoelastic Fluid Necks Persist for Longer Duration than Captured in
Radius Evolution Data. The minimum size of a fluid neck that can
be resolved is determined by the resolution of the imaging sys-
tem. However, due to constraints on working distance, depth of
field, and the resolution possible with visible light, feature sizes
below 1 μm are hard to track and, practically, most visualization
methods stay above a minimum radius of 5 μm. However, even if
the image analysis appears to return a constant thickness that
corresponds to the minimum size recorded per pixel, the real
fluid neck can persist and continue thinning, as is demonstrated
in Fig. 1 F and G. The two space–time diagrams are constructed
by stacking together cropped images that are one pixel wide and
belong to the region highlighted in blue in Fig. 1 B and C. The
image stack is rotated by 90° to show time on the x axis (linear)
such that a time step of Δt= 1=fps exists per pixel. The duration
for which a neck persists can be visualized in terms of the total
number of frames included in these backlit images. The TVEC
regime as observed in Fig. 1 D, E, F, and G is usually approached
once the radius of a filament becomes quite small (typically
below a dimensionless radius RðtÞ=R0 ≤ 10−2). The initial radius
in both space–time diagrams shown in Fig. 1 F and G is taken to
be equal to the nozzle radius (R/R0 = 1). The space–time dia-

gram for the two PEO solutions captures the difference in IC
and VC dynamics in the initial region, and shows that the IC–EC
transition for lower concentration PEO solution, visible in Fig.
1F, is more abrupt than the VC–EC transition manifested in Fig.
1G. The space–time diagram shows that the fluid necks persist
far beyond the instant for which the last data point is recorded in
the radius evolution data and beyond the value of tf determined
from the TVEC fit.

Radius Evolution and Extensional Viscosity of Aqueous Semidilute
PEO Solutions. Fig. 2A shows the radius evolution plot for dilute
and semidilute aqueous PEO solutions of two molecular weights
(Mw = 1× 106 and 2× 106   g=mol, respectively). As all solutions
(except c = 2 wt %) display an initial IC response, their behavior
appears indistinguishable before tc, or before the viscoelastic
effects are manifested. After tc, the EC regime sets in and the
radius evolution shows a concentration-dependent decrease in
slope (as the extensional rate is inversely proportional to the
extensional relaxation time) and an increase in pinch-off time
with an increase in polymer concentration. The concentration-
dependent delay in the pinch-off event implies that the more
elastic solutions display a higher resistance to capillary-driven
flows that drive the neck-thinning dynamics.
The ratio of capillary stress to extensional rate can be used for

estimating this resistance to extensional flow, leading to the fol-
lowing formula for determining transient as well as steady, ter-
minal extensional viscosity values from the radius evolution data:

ηE =
σ

RðtÞ _«=−
σ

2dRðtÞ=dt. [5]

The extensional viscosity data, computed using Eq. 5, are shown
as a function of accumulated Hencky strain in Fig. 2B for a range
of PEO concentrations. Since the extensional rate remains con-
stant during the EC regime, the transient extensional viscosity,
ηE = ηtEð«, _«, tÞ, values are plotted as a function of Hencky strain
that increases monotonically in both EC and TVEC regimes.
However, beyond the EC–TVEC transition (or in the finite ex-
tensibility regime), the computed extensional viscosity values ap-
pear to reach a terminal steady-state value ðη∞E Þ, as can be
observed in Fig. 2B. The magnitude of both transient and termi-
nal extensional viscosity increases with an increase in polymer
concentration or molecular weight, and trends shown in Fig. 2
are consistent with data included in our previous study (22).
Quite remarkably, the datasets acquired for semidilute solutions
appear to have similar strain-dependent increase, and hence in
Fig. 3A we present the data for the semidilute solutions in terms
of viscoelastic stress vs. strain comparison. Due to the remark-
able similarity in shape of all curves, we decided to pursue a
deeper understanding of the underlying macromolecular dynam-
ics, strain and relaxation, as discussed next.

Macromolecular Strain, Fluid Strain, Birefringence, and Force-
Extension Curve. Historically, extensional rheology characteriza-
tion using four-roll mills (91–94), opposed-jet rheometer (64, 95,
96), or stagnation-point flows in microfluidic devices (41, 97) has
relied on the measurement of flow-induced birefringence, Δn, in
response to different extensional rates. The birefringence of
polymer solutions tracks the macromolecular conformational
changes, for both change in coil dimensions and the difference in
polarizability along the length of a segment and perpendicular to
it contribute to the difference in polarizability at the chain level
(91, 92, 98). The well-documented correspondence between the
extensional stress and flow-induced birefringence can be
expressed by using the stress-optical rule with ηE _«=Δn=C, where
C represents the stress-optical coefficient (with a caveat that the
stress optical rule is expected to break down for large strains). As
the extensional rate _«= 2=3λE in the EC regime is a constant, we
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choose to plot extensional stress as ηE _« as a function of change in
accumulated Hencky strain in Fig. 3A. Before proceeding to utilize
the postulated correspondence, we first need to summarize the re-
lationships between flow birefringence and macromolecular strain.
Let us assume that the flexible macromolecule can be modeled

as an equivalent chain comprised of NK Kuhn segments, each of a
Kuhn length bK and the unperturbed, unstretched coil size Rus is
stretched to a size Rs, such that for fully unraveled chain the
maximum value of Rs equals the contour length Rs =Rmax =NKbK.
Let us assume that the Rus and Rs values correspond to the root-
mean-square size, ensemble-averaged, with solvent-quality and
flexibility effects included. Combining ideas from the work of
Treloar (99), Kuhn and Grün (100), and Peterlin (101, 102) (and
the related discussions in refs. 98 and 103) and by defining the
fractional chain extension as β=Rs=Rmax, the birefringence of
stretched chains (scaled by birefringence at full chain extension,
Δn0) can be written using the inverse Langevin function, L−1ðβÞ, as
an empirical series expansion:

Δn
Δn0

= 1−
3β

L−1ðβÞ≅
3
5
β2 +

1
5
β4 +

1
5
β6. [6]

For intermediate strains, the normalized birefringence Δn=Δn0 can
be considered to be representative of the scaled extensional stress
difference. As the extensional rate in the EC regime and at the EC–
TVEC transition is the same, the scaled extensional stress can be
written as ηtE=η

∞
E = ηE=η

∞
E and we effectively plot the scaled stress,

ηE=η
∞
E , against the normalized fluid strain, «=«FE, extracted from

DoS measurements in Fig. 3B. Both η∞E and «FE are calculated
using radius evolution data in the TVEC regime (and are presented
in Table 1). The scaled birefringence versus scaled fractional strain
curve Eq. 6 shown in black stars in Fig. 3B appears to qualitatively
agree with the normalized extensional stress (viscosity) vs. strain
curve. However, for a majority of datasets, expression 6 overpre-
dicts birefringence or degree of chain stretching values for small
extensions compared with the experimentally determined fluid
strain curves and underpredicts the degree of stretching obtained
in experiments for larger strains. Despite these differences, the
correspondence between the experimentally determined exten-

sional stress–Hencky strain curves obtained from DoS rheometry
and the theoretical birefringence-molecular strain curves is both
remarkable and insightful.
Fig. 3C plots the EC strain increment, Δ«EC = «FE − «c, defined

as the difference in the value of Hencky strain values determined
at the two transitions points for an extended range of data. We
find that Δ«EC displays a value that is nearly independent of
concentration or molecular weight, and equivalently the ratio of
the filament radius at the two transitions is concentration/
molecular-weight-independent. In contrast, the terminal exten-
sional viscosity values shown in Fig. 3D display a strong de-
pendence on both concentration and molecular weight. The
values of terminal extensional viscosity increase with concen-
tration, and for matched polymer concentration, the higher-
molecular-weight solution exhibits higher terminal extensional
viscosity. The η∞E data for additional molecular weights is in-
cluded in SI Appendix, Supplementary Information, and a detailed
investigation of λE for semidilute solutions is published elsewhere
(22). Steady extensional viscosity, including the η∞E values, can
also be determined in microfluidic cross-slot geometry (37, 39,
104, 105) by analysis of neck-thinning data during drop formation.
In such microfluidic experiments, the radius evolution exhibits an
exponential decay of the form RðtÞ=A expð−ðηouter=ηEÞ _«tÞ, where
A is a constant (37, 38), ηouter is the viscosity of the coflowing outer
fluid, and the extensional rate, _«, is set using an external pump.
Even though neither extensional relaxation time nor EC strain in-
crement is obtained from microfluidic measurements, we envision
that a comparison of η∞E values could be insightful, especially for the
evaluation of the impact of macromolecular deformation associated
with the EC regime present in the radius evolution dataset obtained
using the DoS rheometry protocols.

Terminal Extensional Viscosity vs. Relaxation Time and Quantifying
Elastocapillary Span. Fig. 4A shows a plot of steady, terminal ex-
tensional viscosity values for the PEO solutions (two molecular
weights) against extensional relaxation time values extracted
from DoS rheological measurements. The plot includes two
additional datasets obtained by Stelter et al. (59) for semidilute
aqueous solutions of two polyacrylamides with different degrees

Fig. 2. Decrease in neck radius and variation in extensional viscosity measured for the aqueous PEO solutions in the dilute and semidilute regime. (A) Radius
evolution plot for PEO solutions of two molecular weights (Mw = 1×106   g=mol and Mw = 2× 106   g=mol, with respective overlap concentration, c*, of 0.17 wt %
and 0.1 wt %). The time axis is shifted using IC/VC–EC transition point, tc. The initial IC response shows no dependence on viscosity or elasticity (for all
solutions with c/c* < 4 with relatively small Ohnesorge number, Oh < 0.1 exhibit IC regime). However, both extensional relaxation time and the EC span get
longer with increase in polymer concentration or molecular weight. (B) Extensional viscosity as a function of Hencky strain accumulated after IC/VC–EC
transition; the measurements shown rely on the radius evolution data shown for the PEO solutions in A.
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of hydrolysis that makes Praestol 2500 an example of flexible and
Praestol 2540 of semiflexible polymers. The spread in data points
seen in Fig. 4A is somewhat larger than that shown in datasets by
Stelter et al. (59), although the authors mention that their studies
were restricted within a narrow concentration regime of 1< c=cp < 2.
Fig. 4 shows data for much a broader concentration range
1< c=cp < 10. The differences can be attributed to the contrast in
the deformation history between the two devices and to the slight
difference in molecular-weight-dependent variation exhibited by the
extensional relaxation time and steady-state extensional viscosity, as
detailed in a review by McKinley (3). Extensional viscosity of FENE-
P chains in ultradilute solutions can be written as η∞E → 3ηs + 2ηpL2

E,
exhibiting a dependence on both shear viscosity as well as the finite
extensibility parameter, L2

E = ðRmax=RusÞ2 ∝N2ð1−υÞ
K , defined as

the ratio of contour length of a chain to its unstretched length (where
υ is the solvent quality exponent). Typically, the solvent viscosity is
quite small compared with the polymer contribution ηs � ηpL

2
E. In

the present case, the value of the finite extensibility parameter

computed for the flexible PEO chains (using NK = 9,280 for PEO
with Mw = 1× 106) is L2

E = 3,840. In general, as flexible polymers
have higher extensibility, their extensional viscosity values are
expected to be higher for matched relaxation times, as observed in
Fig. 4A and also in the original plot by Stelter et al. (59). We have
verified that semidilute PEO solutions formed with three lower
molecular weights (3× 105, 4× 105, and 6× 105 g/mol) and two
higher molecular weights (4× 106 and 5× 106 g/mol) exhibit trends
similar to those shown in Figs. 3 and 4, although a shorter relaxation
time and iterated stretching respectively pose challenges to the ac-
curate evaluation of both transitions and the TVEC regime (SI
Appendix, Supplementary Information). Even though the images of
stretched liquid bridges undergoing thinning are not shown in the
two papers by Stelter et al. (58, 59), their choices of concentrations
and molecular weights are consistent with the restricted range mea-
surable with devices that rely on step strain. Likewise, the shortest
relaxation time reported by Stelter et al. (58, 59) is over 30 ms
(whereas DoS rheometry allows values at least two orders of

Fig. 3. Extensional stress, EC strain increment, and extensional viscosity of aqueous PEO solutions. (A) Extensional stress plotted against the Hencky strain shows
most datasets look dynamically similar even though polymer concentration varies. The measurements are all at different extensional rates but the same effective
Weissenberg number,Wi= _«λE = 2=3. (B) The rescaled extensional viscosity as a function of rescaled fluid strain. Strain is rescaledwith the strain value at the onset of
the finite extensibility or TVEC regime, and transient extensional viscosity is scaled using the η∞E value determined from TVEC regime, listed in Table 1. (C) EC strain
increment, Δ«EC, and (D) steady, terminal extensional viscosity, η∞E , as a function of scaled concentration, c=c*, for the aqueous PEO solutions.
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magnitude lower) and the IC/VC–EC transition is not observed
in their radius evolution data (58).
Fig. 4B shows the plot of scaled EC span against polymer

concentration in the semidilute regime for the two molecular
weights of PEO. The scaled EC span, in analogy with EC strain
increment and extensional stress in EC regime, shows a nearly
constant value of ΔtEC=3λE = 1.9± 0.3, independent of polymer
concentration and molecular weight. Using Eqs. 3 and 4, the
scaled EC span can be written in terms of the neck radius at the
two transition points, and consequently in terms of the EC strain
increment as well in terms of three quantities determined by
fitting the radius evolution data, as shown below:

ΔtEC
3λE

= ln
�
R1

R2

�
=
Δ«EC
2

= ln

 �
GER0

2σ

�1=32R0η∞E
3σλE

!
. [7]

The radius at the EC–TVEC transition can be computed as
R2 = 3σλE=2η∞E using the EC balance. An estimate made with
the typical values of instrumental parameters and rheological

parameters for aqueous solutions of flexible polymer like PEO
yields R2 ∼Oð10 μmÞ and the corresponding value falls in pro-
portion to surface tension, making visualization EC–TVEC tran-
sition or TVEC region harder for organic solvents. The key
aspect that emerges from Fig. 4 and Eq. 7 is that the values of
η∞E as well as ΔtEC and Δ«EC (also included in Table 1) are all
proportional to extensional relaxation time and exhibit the same
concentration-dependent response as is exhibited by λE values.
Our results show that lower concentrations and molecular weights
and lower extensibility of macromolecules lead to shorter relaxation
time and EC span values, resulting in shorter pinch-off times, and
are therefore more suitable for designing complex fluids formula-
tions for printing, jetting, and spraying applications. In contrast, the
spinnability and effective stickiness of polymer solutions increase
with corresponding increase in the overall pinch-off time or fila-
ment lifespan and extensional viscosity values. The concentration-
and molecular-weight-dependent variation in the values of exten-
sional viscosity (ηE and η∞E , EC span, ΔtEC=λE, and EC strain, Δ«EC,
are directly correlated with the corresponding variation in exten-
sional relaxation time, λE).

Summary. In the present study we show that the DoS rheometry
protocols allow the characterization of transition from initial IC
(or VC for higher-viscosity fluids) regime to the EC regime that
is often masked or absent in the radius evolution data obtained
from CaBER measurements. Likewise, we show that the DoS
rheometry protocols also allow the visualization and analysis of
the finite extensibility or TVEC regime, as well as the EC–TVEC
transition. It is well established that the visualization and quan-
titative analysis of neck-thinning dynamics can be used for con-
trasting the influence of different polymers and other additives
and also for quantifying the magnitude and behavior of gov-
erning stresses and underlying flow kinematics (3). In addition to
the three conventional extensional rheological measures deter-
mined from analysis of radius evolution data, namely the transient
extensional viscosity ηE, the steady, terminal extensional viscosity
η∞E , and the extensional relaxation time λE extracted
from neck-thinning dynamics we introduce and quantify three

Fig. 4. Steady-state extensional viscosity as a function of extensional relaxation time and concentration-dependent variation in EC span scaled with ex-
tensional relaxation time. (A) Terminal, steady extensional viscosity values extracted from the linear fit to the TVEC data are plotted as ordinate, whereas
abscissa are the corresponding values of extensional relaxation time extracted from the EC fit. The dotted lines correspond to the response for flexible and
semiflexible polymer solutions as was reported by Stelter et al. (59) and data for aqueous polyacrylamide (PAM or Praestol) solutions are extracted from a plot
in Stelter et al. (59) (B) Dimensionless EC time ΔtEC=ð3λEÞ as a function of dimensionless concentration for aqueous PEO solutions seems to all display a
concentration-independent mean value ΔtEC=ð3λEÞ=1.9± 0.3.

Table 1. Compilation of experimentally determined values of
extensional relaxation time, EC span, terminal extensional
viscosity, and the Hencky strain at the EC–TVEC transition
obtained for the aqueous PEO solutions

Mw, g/mol c, wt % η0, mPa·s Oh ΔtEC, s λE, s η∞E , Pa·s «FE

1× 106 0.75 22 0.11 0.039 0.0068 42 7.5
1× 106 0.5 9.5 0.050 0.0317 0.0049 36 7.9
1× 106 0.3 3.8 0.019 0.015 0.0026 19 7.8
1× 106 0.17 2.5 0.012 0.0154 0.0022 16 7.8
2× 106 1.0 170 0.87 0.171 0.030 225 7.7
2× 106 0.75 80 0.40 0.134 0.026 160 7.6
2× 106 0.6 25 0.13 0.093 0.018 94 7.8
2× 106 0.2 5 0.025 0.048 0.0094 38 7.8

The tabulated values of η∞E and η0 imply that relatively high Trouton
ratios, η∞E =η0 > 103, are realized, especially for solutions with Oh <1.
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additional measures, ΔtEC=λE, ηE=η∞E , and Δ«EC. In semidilute,
unentangled aqueous solutions of PEO, we find that the scaled
EC span, ΔtEC=λE, and the increase in extensional stress
ðτE = ηE _«Þ with Hencky strain show a nearly concentration-
independent behavior. For the semidilute aqueous PEO solu-
tions the EC span is measured to be around 6λE and we show
that the EC span and the terminal extensional viscosity value are
all directly proportional to extensional relaxation time. As EC
span contributes to the delay in pinch-off on addition of poly-
mers, we establish a connection between the EC span and the
values of surface tension, terminal extensional viscosity, exten-
sional relaxation time and the effective extensional modulus.
Furthermore, we determine that a connection can be made be-
tween the transient extensional viscosity vs. Hencky strain as
evaluated from the capillary-thinning-based DoS measurements
and the flow-induced birefringence–macromolecular strain re-
lationship. Even though the capillary-driven thinning dynamics
for flexible polymers including PEO solutions have been in-
vestigated before using DoS rheometry as well other techniques
(including CaBER, jetting, and dripping), the connection be-
tween the extensional stress, fluid and apparent macromolecular
strain, and extensional relaxation time shown in this study have
not been discussed or reported before. We anticipate the ex-
perimental and theoretical arguments presented herein will
provide inspiration for additional experiments for polymers with
different chemical structures as well as for a better un-
derstanding of stretched-chain hydrodynamics.

Materials and Methods
Aqueous solutions of PEO (Sigma-Aldrich) of twomolecular weights (average
molecular weights are 1,000  and  2,000  kg=mol) were prepared in deionized
water. The computed critical overlap concentration values are respectively
0.17 wt % and 0.1 wt %, and the estimated values of Zimm relaxation times
are 0.1 ms and 0.35 ms. The concentration of solutions reported in this study
range from c/c* = 0.1 to c/c* = 10. Separately, extensive characterizations for
both dilute and semidilute (22) solutions were previously carried out. The
critical overlap concentrations, c*, were calculated using the formula

c*½η�≈ 1 and the Mark–Houwink–Sakurada equation, ½η�=KMa
w. Intrinsic

viscosity ½η� depends on the molecular weight of the polymer, and the values
of the coefficient K = 1.25× 10−2mL=g and the exponent a = 0.78 are listed in
the polymer handbook data (106).

The DoS rheometry setup shown in Fig. 1A includes a dispensing system,
nozzle, substrate, and imaging and image analysis system. Discrete fluid
volumes for the DoS extensional rheometry experiments are deposited onto
a glass substrate placed a distance H below the nozzle using a New-Era sy-
ringe pump. A stainless-steel nozzle with an inner diameter of Di =
0.838 mm and an outer diameter of D0 = 1.270 mm is used. The fluid is
delivered at a relatively low flow rate, Q, and pumping is stopped after the
drop touches the substrate. The fluid that is pumped out of the nozzle
eventually spreads on a solid substrate, and the unstable liquid bridge
formed undergoes capillary-driven self-thinning and breakup. The aspect
ratio, H/ D0, was selected to be around 3. Quantitative analysis of progressive
filament thinning requires the measurement of neck radius as a function of
time. Unlike CaBER that relies on a laser-based diameter measurement, in
the present setup the thinning neck radius is determined from videos cap-
tured using a high-speed imaging system, and the neck shape is always vi-
sualized and recorded. The high-speed imaging system consists of a Photron
Fastcam SA3 high-speed camera equipped with a Nikkor 3.1× zoom lens
(18 to 50 mm) and a supermacro lens. We place a limit to a minimum value
of a liquid diameter that can be resolved to 10 μm. This value is slightly
above the resolution limit imposed by the imaging system used in this study.
The capillary-driven thinning dynamics are captured at a rate of 8,000 to
25,000 frames per s (fps). The movies are analyzed using specially written
codes using ImageJ and MATLAB. Each measurement is repeated at least five
times, and a good reproducibility is observed. Further details about the DoS
rheometry setup, contrast with other techniques that use capillary-driven
thinning and breakup measurements, and measurement of concentration-
dependent extensional relaxation time of neutral and charged polymer solu-
tions can be found in our previous publications (22–26).
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