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ABSTRACT
Drop formation and detachment involve large topological changes, including the formation of a fluid neck that thins down
due to surface tension-driven flows, and at the neck pinch-off, properties like Laplace pressure display a finite time singular-
ity. Accurately simulating large topological deformations and nonlinearities encountered during drop formation typically makes
numerical simulations computationally demanding as resolving small features close to the pinch-off instant requires high reso-
lution and accuracy. In spite of the inherent advantages in tracking interfaces, preserving mass and computational time needed,
very few studies utilize the volume-of-fluid (VOF) method for drop formation studies as early practitioners reported convergence
problems for fluids with viscosity greater than ten times water viscosity. In this contribution, we utilize the VOF method as imple-
mented in FLOW-3D to simulate the prototypical free surface flow of dripping for Newtonian fluids, including viscosity values
four orders of magnitude higher than water viscosity. We benchmark the simulated neck shape, neck evolution rate, and break-up
length against experiments carried out as a part of this study. The pinch-off dynamics are determined by a complex interplay of
inertial, viscous, and capillary stresses, and self-similar scaling laws that are contrasted here against both experiments and sim-
ulations often describe the dynamics. We show that the simulated radius evolution profiles match the pinch-off dynamics that
are experimentally observed and theoretically predicted for Newtonian fluids for axisymmetric flows. Furthermore, we deter-
mine pre-factors for scaling laws, velocity, and deformation fields within thinning necks, and we show that pre-factors, as well
as break-up time and length comparable to experiments can be simulated using the VOF method.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5061715

I. INTRODUCTION
Surface tension-driven flows and instabilities under-

lie drop formation and liquid transfer in many applica-
tions1–8 such as coating and printing (inkjet, gravure, etc.),2–12

spraying and atomization,6,12–15 formation of emulsions and
drop formation in microfluidics,16–18 and in dispensing non-
Newtonian fluids including polymer solutions,4,10,19–27 foams,
emulsions, and suspensions.27–29 Analytical and numerical
analyses of the free surface flows dominated by capillarity are
particularly challenging and complex problems: the type and
strength of flow determine the shape of the interface, and yet

any change in the interfacial curvature itself influences flow
through its contribution to Laplace pressure.1–3,6–9,30,31 Even
the simplest method of forming drops by dripping a rheolog-
ically simple (or Newtonian) fluid from a nozzle is known to
involve a complex interplay of inertial, viscous, and capillary
stresses (plus the effect of gravity and iterated stretching for
relatively large drops).1,3,4,32–34 Drop formation and detach-
ment involve large topological changes, including the forma-
tion of a fluid neck that thins down to zero in a finite time,
and thus properties like Laplace pressure display a finite time
singularity.3,31–33
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Accurately simulating large topological deformations and
nonlinearities encountered during drop formation typically
makes numerical simulations computationally demanding as
resolving small features close to the pinch-off instant requires
high resolution and accuracy.3,7,9,33,35,36 Several volume and
surface tracking methods including boundary integral, finite
difference, and finite element methods have been utilized
for numerical simulations of the drop formation and pinch-
off dynamics problems.1,3,6,7,9,37–39 However, only a countable
few studies have explored the problems using the volume-
of-fluid (VOF) method.40,41 The lack of such studies can be
traced to papers9,36 that questioned the capability of the VOF-
based techniques to simulate the drop formation process. For
instance, Ambravaneswaran et al.36 in 2002 stated that the
volume-of-fluid (VOF) based code failed to converge in the
work of Zhang42 and Delametter (cited by Ambravaneswaran
et al.36 as a private communication) “when simulating the for-
mation dynamics of liquids having viscosities that exceed that
of water merely by a factor of ten” and also failed to simulate
satellite drop formation for lower viscosity fluids.

In the present contribution, we take up the challenge of
simulating drop formation and detachment for the prototypi-
cal flow geometry of dripping using the VOF method with the
following goals. We aim to carry out a close comparison of
neck radius evolution datasets obtained using numerical sim-
ulations of dripping with experiments as well as theoretical
models for describing pinch-off dynamics. We aim to check
if high viscosity fluids can be simulated, if satellite drop for-
mation can be observed, and if simulated neck shapes, break-
up length, and break-up time capture the features observed
experimentally. It is well-established that the capillary-driven
thinning and pinch-off dynamics of Newtonian fluids asymp-
totically approach self-similar dynamics such that neck radius
R shows inertio-capillary thinning behavior with R ∝ (tp − t)2/3

for low viscosity fluids and viscocapillary thinning behav-
ior with R ∝ (tp − t) for relatively high viscosity fluids. The
dimensionless ratio of characteristic viscocapillary to inertio-
capillary time scales provides a non-dimensional viscosity
measure or a dimensionless group called the Ohnesorge num-
ber Oh = η/

√
ρσR0. Here, η, ρ, and σ represent fluid viscosity,

density, and surface tension, respectively, while R0 is the char-
acteristic length scale of the problem. We aim to ascertain
if the shape of the neck as well as neck thinning dynam-
ics of simulated profiles compare well with the self-similar
scaling laws. In particular, we wish to compare the material
dependent proportionality constant for inertio-capillary and
viscocapillary behavior. In this contribution, the VOF method
embedded in the commercial computational fluid dynamics
(CFD) software FLOW-3D is utilized for simulating dripping
of Newtonian fluids (including water-glycerol mixtures). The
current study explores drop formation for Newtonian fluids
with viscosity values up to three orders of magnitude higher
than the previously determined upper-limit and also checks
for satellite drop formation, which has been cited as another
limitation. The rationales for using the VOF method, as well
as for opting for a commercial implementation of the method,
are discussed next.

It is well-established that computational fluid dynam-
ics can offer insights into processability, design of pro-
cessing equipment, material characterization, flow types and
strengths, instability mechanisms, etc., not readily available
from experiments.31,37,43,44 Among the numerical simulation
techniques, the boundary integral method (BIM) is limited to
irrotational flow in an inviscid drop (Re � 1) and Stokes flow
(Re � 1),36 or cases in which Green’s function for the exam-
ined flow type is known. Thus, BIM is an unsuitable method for
analysis of finite Reynolds number (Re) flows encountered in
various printing techniques. However, Wilkes et al.37 had suc-
cessfully developed and used a finite element method (FEM)
for solving three-dimensional axisymmetric (or 2D) flow dur-
ing formation of droplets. Eggers and Dupont35 showed that
finite difference method (FDM) models can be used for solving
one-dimensional (1D) slender jet problems through numeri-
cal approximation by assuming that the radial length scale of
the liquid neck is typically much smaller than its longitudi-
nal length scale. However, the FDM model fails to accurately
capture thinning dynamics close to pinch-off for low viscosity
fluids. Due to the steady progress made in the implementa-
tion of the volume-of-fluid (VOF) method over the last few
decades, the numerical simulations appear to be particularly
suitable for drop formation and detachment as the track-
ing of interfaces, conservation of mass and momentum, and
the topological transitions are handled implicitly within the
algorithm.

The success in simulating prototypical flows such as the
one of drop formation using the VOF method is desired from
the engineering perspective both in terms of understanding
processability and printability of fluids for different applica-
tions and in terms of exploring fundamental questions related
to the mechanics of free surface flows. It can be argued that
a computational fluid dynamics platform that is pre-designed
with built-in, physically robust features for incorporating fluid
properties like surface tension and rheological behavior, sub-
strate or surface properties and interactions with the fluid,
and programmable shape and size of equipment or structures
could be used for streamlined utilization of computation for
solving complex and critical problems. The current study is
motivated primarily by the idea of developing a foundational
basis for such a platform that would enable, at a later stage,
CFD models with highly nonlinear and relatively poorly under-
stood effects (including nonlinear viscoelasticity, as a future
goal). Here we limit our attention to Newtonian fluids and
benchmark the capabilities of the VOF method by carrying out
necessary comparisons with theory and experiments for the
two limiting cases of low and high viscosity fluids.

The paper is organized as follows. The first section sum-
marizes how the VOF method embedded in the commer-
cial computational fluid dynamics (CFD) software FLOW-3D
is utilized to simulate and capture capillary-driven thinning
and pinch-off dynamics in the prototypical free surface flow
realized during dripping. Numerical simulations of dripping
of low viscosity fluids are presented first, and a compari-
son with experimental studies carried out with glycerol-water
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mixtures is included. Simulation results for high viscosity flu-
ids are likewise presented with an emphasis on contrasting
neck thinning dynamics as obtained from theory as well as
experiments. Apart from contrasting neck shape and neck
thinning dynamics, we also compare the break-up length and
break-up time for glycerol-water mixtures using numerical
simulations as well as experiments. The results included here
utilize the VOF method implemented using FLOW-3D on a
laptop computer, and as the simulations included here are
carried out for axisymmetric flow, the implementation is car-
ried out on a section, rather than 3D flow. We show that the
VOF method provides accurate and robust results for drop
formation and drop detachment of Newtonian fluids that com-
pare very well with experimental visualization and analysis of
dripping phenomena.

II. EXPERIMENTAL METHOD
AND THE NUMERICAL APPROACH
A. Experiments

The experimental setup, as shown schematically in
Fig. 1(a), includes a dispensing system that consists of a noz-
zle connected to a syringe pump and an imaging system that

FIG. 1. Formation of a droplet from a capillary tube—problem description and
volume-of-fluid (VOF) method. (a) The experimental setup consists of a high-
speed camera, a light source, and a dispensing system. (b) A numerical simulation
of drop formation from a cylindrical nozzle at a constant flow rate is performed.
(c) Graphical representation of the VOF approach. The VOF method utilizes a
scheme for locating and tracking a free surface introduced on the Eulerian-based
fixed mesh.

consists of a light source with a diffuser and a high-speed
camera (Fastcam SA3) with a train of lenses [Nikkor 3.1 × zoom
(18-25 mm) lens, plus a macro-lens] attached. The experimen-
tal method relies on the creation of a droplet by dripping,
and the use of high speed imaging for obtaining images with
high magnification, and at a high frame rate [up to 8000 fps
(frames per second)]. The visualization and analysis of the
columnar, neck region that undergoes capillary-driven thin-
ning and pinch-off is used for measuring the neck radius as
a function of time and for contrasting the pinch-off dynamics
against theoretically obtained scaling laws and computational
results. The minimum value of a liquid diameter that can be
resolved with the setup used is 10 µm, and the resolution limit
is set by the choice of the imaging system used in the experi-
ments. The experimental videos of a drop formation process
were analyzed using ImageJ45 and MATLAB using specially
written codes for edge detection and for determination of a
minimum neck radius as a function of time.24–27

B. Governing equations
The flow of incompressible Newtonian fluids of constant

density, viscosity, and surface tension is investigated in a flow
geometry corresponding to dripping, as shown in Fig. 1(b),
using the VOF method embedded in FLOW-3D. The phys-
ical problem under investigation here involves an axisym-
metric flow about the axis of symmetry, S’. Flow is modeled
to be isothermal and incompressible. The incompressibility
condition and equation of motion are given as

∇ · u = 0, (1)

ρ

(
∂u
∂t

+ u · ∇u
)
= ∇ · T + Fb. (2)

Here u, Fb, and T represent the velocity vector, the body force,
and the Cauchy stress tensor, respectively. The Cauchy stress
tensor is defined as T = −pI + τ, where p represents the
isotropic pressure, I is the unit tensor, and τ is the devia-
toric stress tensor. For the incompressible Newtonian fluids,
the deviatoric stress tensor exhibits a linear relation to the
velocity gradient, τ = η

[
∇u + (∇u)T

]
, and thus follows Newton’s

law of viscosity. The boundary condition at the free surface is
given as

n · T = (2Hσ)n. (3)

Here, σ represents the surface tension, n is a unit normal
vector, and H is the mean Gaussian curvature of the free
surface.

The implementation of VOF in FLOW-3D is based on the
early work by Nichols and Hirt40,41 that adapts an earlier
numerical scheme for tracking a free surface called Marker-
and-Cell (MAC) method.46 The MAC method identifies and
considers the grid cells that contain markers as occupied by
fluid. Likewise, the cells without markers are called empty or
void cells, whereas the cells that contain marker particles and
have at least one neighboring grid cell that is empty are con-
sidered to be cells within which a free surface exists. Marker
particles also define the location of fluid within a bound-
ary cell. The MAC method for defining free surfaces requires

Phys. Fluids 31, 021211 (2019); doi: 10.1063/1.5061715 31, 021211-3

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

significantly higher computational storage and longer times
for moving particles to new locations in contrast to the VOF
method, as was pointed out by Hirt and Nichols.40 Instead of
using several points to the define regions occupied with fluid
within a cell, the VOF method relies on using only one value
for each dependent variable that defines the fluid within each
cell in a mesh. The occupancy of the cells in the numerical grid
is parameterized using a function F that has a value of unity in
regions occupied by fluid and zero in regions without any fluid
present [see Fig. 1(c)]. Cells that contain a free surface have a
value of F between zero and one. The normal direction to the
boundary corresponds to the direction in which the function
F experiences the most rapid change. Since the VOF method
consists of a scheme for locating and tracking a free surface
introduced on the Eulerian-based fixed mesh, the evolution
of the F field requires an algorithm. The following governing
equation describes the time-dependent evolution of F:

∂F
∂t

+ u
∂F
∂x

+ v
∂F
∂y
= 0. (4)

The procedure for advancing a numerical solution in time
with an increment δt consists of three steps outlined by Hirt
and Nichols40 for the VOF method described here. First, an
explicit approximation for the equation of motion is used to
compute the first guess for velocities, by using the initial
conditions or previous time-level values for pressure, advec-
tion, and viscous accelerations. In the second step, pressure is
adjusted in each cell in an iterative way to satisfy the continu-
ity equation. In the final step, the function F is updated using
a donor-acceptor flux approximation.47

C. The VOF method as implemented in FLOW-3D
Simulations of drop formation from a nozzle and those

of liquid bridge break-up were performed using a uniform
mesh size on an Asus laptop computer (with Intel® Core™ i7
4700HQ processor, Intel HM87 Express Chipset with memory:
DDR3L 1600 MHz SDRAM up to 32 GB). The chosen mesh size
for the simulations presented here is 0.007 cm such that the
ratio of the cell length to the nozzle radius is approximately
equal to 0.02. Only for the calculation of the total break-up
length, the final droplet length was determined using the mesh
size of 0.005 cm for a smaller mesh size helps in resolving
smaller features before the pinch-off event. In such cases,
the simulations were initiated using a mesh size of 0.007 cm,
the smaller mesh size of 0.005 cm was implemented near
the pinch-off event, and a dynamic change in the mesh was

implemented to increase accuracy with a dramatic increase
in the computational time. The ratio of the finest mesh cell
(0.005 cm) to the nozzle radius was equal to 0.016. However,
the reduction in the mesh size from 0.007 cm to 0.005 cm
increases the computational time by approximately a factor of
10, while the differences observed in the overall shape of liq-
uid neck shape, velocity profiles, and the radius evolution data
obtained using these two different mesh sizes are relatively
minor. Therefore, the larger mesh size (0.007 cm) was used for
the simulations presented in this study, expect for the figure
that required resolution of smaller features (for calculating the
total break-up length).

In FLOW-3D, the built-in models for “Surface Tension”
and “Gravity and non-inertial reference frame” were utilized
for performing the numerical simulations. To compute the
net surface tension force acting on each cell on the sur-
face, the cells are viewed as control volumes for which sur-
face tension stresses acting at cell sides are calculated. In
this model, it is assumed that the equivalent surface pres-
sure can replace surface tension forces. The surface tension
model is sensitive to existing irregularities in the mesh due
to its dependence on the curvature. Therefore, cubical con-
trol volumes are preferred. In the current study, a value of
Ri
R0
≈ 0.94 was used for the low viscosity fluids listed in Table I

and Ri
R0
≈ 0.88 was used for viscous fluids listed in Table II.

Here Ri and R0 represent the inner radius and outer radius
of the nozzle, respectively. The chosen nozzle wall thickness
is quite small in all cases, and the influence of wall thick-
ness on the limiting drop length and the primary drop vol-
ume can be neglected according to Wilkes et al.,37 provided
that Ri

R0
> 0.3. The outer radius of the nozzle R0 was used

for non-dimensionalization in the study and assumed that
fluid wets the nozzle perimeter during the drop formation
process.

The fluid was dripped from the nozzle at a constant
flow rate, Q = 1 ml/min. For the analysis presented in this
manuscript, the first drop formed during each simulation was
discarded and the dynamics of the second drop was analyzed.
Analysis of the dynamics of the second drop aids in avoiding
any influence of non-physical or transient behavior that could
arise from the sudden start of the flow at the beginning of each
simulation as discussed by Ambravaneswaran et al.36 In cer-
tain cases, the dynamics of the second drop were compared to
the dynamics of the subsequent third drop, and in all the cases
presented herein, the dynamics were found to be quite similar.

TABLE I. Physical properties of simulated glycerol + water mixtures using FLOW-3D.

Fluid property Fluid 1 Fluid 2 Fluid 3 Fluid 4 Fluid 5 Fluid 6 Fluid 7 Fluid 8

Glycerol concentration, ω (wt. %) 0 20 50 60 70 80 90 100
Viscosity, η (mPa s) 0.89 1.74 6 10.9 23.1 60.8 223.8 1413.8
Surface tension, σ (mN/m) 72.9 70.9 68 67.6 66.45 65.3 63.5 62.3
Density, ρ (g/cm3) 0.998 1.047 1.126 1.153 1.181 1.207 1.235 1.261
Nozzle outer/inner diameter, D0/Di (mm) 3.2/3 3.2/3 3.2/3 3.2/3 3.2/3 3.2/3 3.2/3 3.2/3
Ohnesorge number, Oh 0.003 0.005 0.017 0.031 0.065 0.17 0.63 3.99
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TABLE II. Physical properties of simulated high viscosity fluids using FLOW-3D.

Fluid property Fluid 9 Fluid 10 Fluid 11 Fluid 12 Fluid 13

Viscosity, η (Pa · s) 2.0 1.5 0.8 0.4 0.25
Surface tension, σ (mN/m) 68 68 68 68 68
Density, ρ (g/cm3) 1.0 1.0 1.0 1.0 1.0
Nozzle outer/inner radius, R0/Ri (mm) 1.7/1.5 1.7/1.5 1.7/1.5 1.7/1.5 1.7/1.5
Ohnesorge number, Oh 8.32 6.24 3.33 2.08 1.04

Surface tension driven pinch-off of a newly formed drop, also
denoted as a singular point, occurs after the gravitational force
overcomes the surface tension force (mg > 2πσR0, where m
represent the mass of a drop).

III. RESULTS AND DISCUSSION
A. Neck shape and filament radius evolution of low
viscosity fluids

Drop formation and its detachment from the bulk fluid
accumulated at the stainless-steel nozzle tip are simulated
using the VOF method implemented in FLOW-3D, first for flu-
ids with low viscosity and physical properties listed in Table I.

In the snapshots of simulated fluid neck evolution shown in
Fig. 2 for two low-viscosity fluids (water and 50 wt. % glycerol
in water mixture), the formation of satellite drops is clearly
captured and visualized. By contrast, although previous stud-
ies by Zhang42 and Gueyffier et al.44 successfully computed
the drop profile during the thinning and break-up process, the
resolution of their VOF calculations was not sufficiently high
to capture the satellite drop formation.48

Chen and Steen49 were the first to examine angles
made with the z-axis by the two conical menisci that meet
at a point of the pinch-off, and later Day et al.50 used
potential flow arguments, to derive the cone angle as well as
the inertio-capillary scaling expression,

FIG. 2. Sequence of images showing capillary-driven neck evolution and droplet formation for low-viscosity fluids. (a) A sequence of simulated images of water (0 wt. %
glycerol) shows neck formation and subsequent thinning and pinch-off dynamics including the formation of the satellite drop. (b) A sequence of images shows neck radius
evolution and drop detachment for the low viscosity fluid composed of 50 wt. % glycerol in water. The time step between images is 500 µs, and the scale bar represents a
length of 1 mm for the two cases shown. The color bar shows the velocity field in units of cm/s. The addition of glycerol seems to exercise a relatively minor influence on
pinch-off dynamics despite a five-fold increase in viscosity.

Phys. Fluids 31, 021211 (2019); doi: 10.1063/1.5061715 31, 021211-5

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 3. Computed evolution of the minimum radius of the water neck during the
drop formation and detachment process. The instantaneous neck radius of water
and the inertio-capillary fit are shown. The inset shows a self-similar nature of neck
thinning dynamics close to a pinch-off moment. The characteristic cone angle of
18.1◦ as predicted by Day et al.50 and visualized in experiments52 is captured
well using the VOF method.

R(t)
R0
= X*

,

σ

ρR3
0

+
-

1
3 (

tp − t
) 2

3 . (5)

Figure 3 shows computed time-dependent radius evolu-
tion of a water neck with an inertio-capillary fit (black
solid line). The characteristic exponent value of 2/3 as
anticipated from the theory and also observed in previous

experiments3,4,24–27,33,49–52 describes the dynamics close to
the pinch-off. According to the asymptotic theoretical expres-
sion [Eq. (5)], the pinch-off dynamics of inviscid fluids are
unaffected by changes in fluid viscosity, and the character-
istic inertio-capillary time scale, also known as Rayleigh time

tR =
(
ρR3

0/σ
) 1/2

, depends only on the density and surface
tension of the fluids. The X in Eq. (5) represents a numer-
ical pre-factor previously found to be X = 0.6-0.8.53 Fluids
1-5 in Table I (i.e., for glycerol concentration of and below 70
wt. %) can be classified as low viscosity fluids, i.e., Oh < 0.1,
and based on theory, are expected to show inertio-capillary
thinning behavior.

The image sequences obtained from dripping experi-
ments shown in Fig. 4(a) compared well with the results
obtained from the numerical simulations [using the VOF
method as implemented in FLOW-3D and shown in Fig. 4(b)]
for a representative glycerol-water mixture containing 70
wt. % glycerol. In Figs. 4(c) and 4(d), the instantaneous filament
radius rescaled with a nozzle radius, R/R0, is plotted as a func-
tion of shifted time, tp − t, on a log-log scale to highlight the
power law dependent scaling near pinch-off (approach from
the right to left). Lines of the best fit (dashed lines) included
in the figure for the simulated data exhibit the slope of 2/3,
in agreement with inertio-capillary scaling [see Eq. (5), shown
as bold black dashed line]. The datasets appear to lie close
together since the absolute volute of vertical shift depends
on the variation in density and surface tension, and in a log-
log plot, the overall shift is relatively small for this range of
glycerol concentrations.

In Fig. 4(c), four datasets obtained by capturing neck
thinning dynamics in dripping experiments for glycerol-water
mixtures (with 0, 20, 50, and 70 wt. % glycerol) are shown,

FIG. 4. Comparison of experiments and
simulations depicting drop formation for
low viscosity glycerol/water mixtures. [(a)
and (b)] The image sequences obtained
from (a) experiments and (b) simulations
(in color online) show good agreement.
The simulated drop profiles shown in (b)
are colored by the velocity magnitude [in
the range of 0 (dark blue) to 130 cm/s
(red)], and velocity vectors are shown in
the images. [(c) and (d)] Radius evolu-
tion in time of the liquid filament formed
during the drop formation process for
both (c) experimental and (d) numeri-
cal results is presented. A characteristic
slope of 2/3, anticipated for radius evolu-
tion near pinch-off of low viscosity fluids,
is in agreement with simulated profiles.
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while datasets shown in Fig. 4(d) represent radius evolu-
tion profiles of simulated drop formation processes using
FLOW-3D. A close comparison of datasets shown in Figs. 4(c)
and 4(d) reveals an excellent agreement between radius evo-
lution data obtained from numerical simulations and experi-
ments. The numerical pre-factor X included in the equation
was determined by Chen et al.54 using a numerical simulation
to be close to 0.7 (we find X = 0.64 using the data including Fig.
3 in the work of Chen et al.54), and it became the value com-
monly used in place of X in Eq. (5),4,22,55–57 with some exper-
imentalist reporting 0.8 as a prefactor.22,58,59 However, we
find that the value determined by fitting the radius evolution
datasets obtained from both VOF simulations and experiments
is close to X = 0.4 although on mining through all our present
and previously reported experiments,24–27 we find that the
value predicted by the analysis of Chen and co-workers54 is
approached asymptotically in only a few experiments if neck
radius evolution is analyzed to a lower resolution (down to a
micron) than achieved here.

B. Dripping of higher viscosity fluids: Thinning
dynamics and break-up length

For innumerable dispensing applications that require liq-
uid transfer from a nozzle to a substrate, evaluating the
break-up length is as important as capillary-driven thin-
ning and pinch-off dynamics that determine the break-up
time. Since stream-wise velocity gradients associated with

extensional flow field arise within the columnar necks under-
going capillary-driven thinning during dripping, radius evo-
lution can be analyzed for characterizing extensional rheol-
ogy response and printability.22,53,58 However, if the camera is
kept fixed, the length of the neck before break-up presents a
practical difficulty in obtaining thinning dynamics with high
resolution. Therefore, we compare and contrast the break-
up length of glycerol-water mixtures with fluid properties
listed in Table I. A pronounced increase in the break-up length
and break-up time is observed only after the glycerol content
is increased beyond 70 wt. %, as illustrated in Fig. 5. In the
sequence of snapshots of the simulated drop profiles for glyc-
erol (100 wt. %, no water added) with a time step of 5 ms shown
in Fig. 5(a), the neck profile is long and slender. The neck
shape, time scale of evolution, and break-up length are quite
distinct from the profiles obtained for water and low viscos-
ity fluids (see Figs. 2–4). Neck shapes before pinch-off shown
in Fig. 5(b) for three glycerol-water mixtures illustrate the dra-
matic shift in neck thinning dynamics and break-up length due
to an increase in viscosity. The simulated break-up length val-
ues show trends in close agreement with the experimental and
numerical simulation results.

Scaled break-up length computed using the VOF
approach for the entire range of glycerol-water mixtures is
compared with the experimental data collected as a part of
this study in Fig. 6. The FEM-based computation results from
Wilkes et al.37 are also included. The VOF and FEM numerical

FIG. 5. Glycerol thinning image sequence and break-up length visualization for three cases. (a) Glycerol thinning is shown through a sequence of snapshots with a time step
∆t = 5 ms and reveals quite different dynamics compared to previously seen for low viscosity fluids. The length of a filament changes significantly when the glycerol content
increases above 70 wt. %. (b) Final lengths of the simulated liquid filaments before pinch-off for three cases of glycerol + water mixtures (0 wt. %, 70 wt. %, and 100 wt. %).
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FIG. 6. Length of a drop before pinch-off for water-glycerol mixtures and characteristic time scales. (a) Computed values of the drop length in the frame leading to pinch-off
are plotted against glycerol mass concentration and compared to dataset provided by Wilkes et al.37 Drop length consists of a freshly formed drop and the rest of the fluid
at the bulk around the nozzle tip. The inset shows drop profiles before a point of break-up for three mass concentrations of glycerol. The three images shown in the inset
represent the last captured frames leading to pinch-off for three different contents of glycerol in the glycerol + water mixture. The drop profiles are colored by the velocity
magnitude (in units of cm/s). (b) Three characteristic time scales (Rayleigh or inertio-capillary time, tR; viscocapillary time, tv ; and break-up time, tb = pinch-off time, tp) are
shown as a function of glycerol concentration.

simulations, as well as experiments, show that inviscid fluids
(glycerol content < 70 wt. %) exhibit inertio-capillary thinning
(Oh < 0.1), and the break-up length appears to show a very
little change for these solutions. On a careful examination of
both experimental and simulated datasets for inviscid fluids
(glycerol content < 70 wt. %), it can be seen that the break-
up length decreases modestly with an increase in the glycerol
content from 0 wt. % to 50 wt. % and increases beyond 50
wt. %. The minimum can be explained by recalling that though
viscosity and density increase as the mass fraction of glyc-
erol in the mixture is increased, the value of surface tension
decreases. The inset in Fig. 6(a) shows the drop profiles for
three concentrations of glycerol in the mixture. Even though
the neck shapes in Fig. 6(a) appear conical for all three drops
displayed in the inset, the angle of 18.1◦ is not recovered in all
three cases. Similar conclusions were drawn by Wilkes et al.37

for their FEM results showed that the cone angle decreases as
the mass concentration of glycerol increases.

In contrast to inviscid fluids where radius evolution fol-
lows inertio-capillary thinning before pinch-off and where the
characteristic time scale (Rayleigh time) is set only by den-
sity and surface tension, the break-up length and break-up
time for glycerol-rich solutions (c > 70 wt. %) show a strong
concentration-dependent increase, as shown in Fig. 6(a). We
will show later that the capillary-driven thinning and pinch-off
dynamics of these mixtures display the viscocapillary thinning
scaling,

R
Ro
= 0.0709

σ

ηR0
(tp − t) = 0.0709

(
tp − t

tv

)
. (6)

The linear relationship between the neck radius and time
to pinch-off was derived by Papageorgiou,60 and although
Eggers3,33 derived an expression with a different pre-
factor, Tripathi and McKinley61 showed that Papageorgiou’s
scaling expression captures the experimental data for

glycerol-water mixtures. Papageorgiou60 obtained the simi-
larity solution using a slender cylinder approximation for a
viscous liquid column. In the viscocapillary (VC) scaling, tv rep-
resents the characteristic viscocapillary time scale. The vis-
cocapillary time tv = tR Oh depends on both the Ohnesorge
number Oh and Rayleigh time tR and increases with viscosity.
Although the break-up length obtained from numerical simu-
lations shows excellent agreement with the FEM simulations
and our experiments with low viscosity fluids, for higher vis-
cosity cases (with Oh > 0.2), a slight discrepancy arises which
can be attributed to iterated stretching. Shi et al.32 experimen-
tally observed that dripping of a highly viscous liquid results
in iterated stretching, such that each subsequent neck being
thinner than the previous one. Even though a finer mesh could
potentially result in bringing simulations into closer agree-
ment with theory, we chose to not pursue those computation-
ally intensive calculations since we verified that the simulated
neck thinning dynamics closely emulate experimental results
up to the neck radius of 10 µm.

The break-up time as a function of glycerol fraction is
contrasted with the Rayleigh time and viscocapillary time in
Fig. 6(b). Although viscocapillary time shows an increase of
several orders of magnitude across the concentration range,
both the Rayleigh time and break-up time appear to have only
a modest concentration dependence. The Rayleigh time shows
a mild increase with an increase in the glycerol content, while
the break-up time shows a modest decrease. Although Wilkes
et al.37 also pointed the minima at 50 wt. % glycerol and a large
increase in the break-up length above 70 wt. %, the compar-
ison of characteristic time scales against the break-up time
was not previously made. The significant and highly nonlinear
change in the overall break-up length above 70 wt. % glycerol
can be correlated with the concentration-dependent increase
in the viscosity of glycerol-water mixtures. Even though
viscosity changes by three orders of magnitude between pure
water and pure glycerol, the bulk of this enhancement in
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FIG. 7. Variation of the length of the
droplet during the water drop formation
process for three different flow rates and a
comparison of drop evolution processes
for water and glycerol. (a) The increase
in the flow rate causes fluid to experi-
ence a faster approach to the break-up
moment and results in longer total droplet
lengths before a pinch-off moment. (b)
A comparison of droplet length evolution
during drop formation for water and glyc-
erol. The inset shows oscillations of the
water droplet present during drop forma-
tion that causes the dynamics of water
droplet formation to become slower.

viscosity occurs above 70 wt. % glycerol and the viscosity of 70
wt. % glycerol is only an order of magnitude higher than that
of pure water. Since the surface tension interpolates between
60 and 72 mN/m, the value of dimensionless viscosity or Oh is
dictated primarily by the change in shear viscosity, and for low
viscosity (Oh < 0.1) fluids, inertio-capillary thinning governs
the pinch-off dynamics.

The effect of increase in the volume flow rate on the total
droplet length during a drop formation process is shown in
Fig. 7(a). A lower flow rate allows a newly formed droplet to
spend more time exploring shapes similar to that of a sec-
tion of a sphere, thus resulting in significantly longer break-
up times, even though the dynamics before pinch-off display
analogous inertio-capillary behavior. As a drop emerges from
a nozzle tip, the interplay of capillarity and gravity that are
of comparable magnitude determines the shape as shown for
water in stage I in Fig. 7(a). Due to the sustained increase in
droplet mass, gravity eventually overwhelms capillarity. Con-
sequently, an accelerated increase in the length of a droplet is
observed, and simultaneously, the neck undergoes rapid thin-
ning, culminating in pinch-off [see droplet shapes denoted
as II and III in Fig. 7(a)]. Visualization of the velocity field

for three simulated shapes of the droplets shown in Fig. 7(a)
reveals that the flow field during the droplet formation pro-
cess becomes purely extensional only close to pinch-off as
seen in the image of a simulated droplet denoted as III. The
comparison of droplet formation for two fluids with a large
difference in viscosity values (water and glycerol) at a fixed
flow rate (Q = 1 ml/min) shown in Fig. 7(b) reiterates the
conclusions drawn from the analysis of break-up length and
break-up time. A close examination of data reveals that the
formation of a water droplet (solid line) takes approximately
1.3× longer time compared to a highly viscous glycerol droplet
(dashed line) due to oscillations that occur while the drop is
evolving and before gravity overcomes capillarity. The oscilla-
tions are more pronounced for lower viscosity fluids and thus
affect the duration of the drop formation process, whereas the
oscillations are damped out in higher viscosity fluids.

The effect of the increase in fluid viscosity on the neck
shape and radius evolution obtained from VOF based numeri-
cal simulations is contrasted against experiments for 80 wt. %
glycerol in water in Fig. 8. The neck shapes are slender and
cylindrical in both experiments and numerical simulations as
shown in Fig. 8(a). Likewise, the neck radius evolution data

FIG. 8. Comparison of experiments and
simulations for the case of a drop forma-
tion for 80 wt. % glycerol and water mix-
ture. (a) A set of images obtained from
experiments (upper row) and simulations
(bottom row) with a time step of 1 ms
show good agreement. The simulated
drop profiles shown in the bottom row
are colored by the velocity magnitude
[ranging from 0 (dark blue) to 100 cm/s
(red) and colored online], and velocity
vectors are shown in the images. (b)
Radius evolution with time of liquid fila-
ment formed during the drop formation
process is shown on a log-log plot for the
two cases.
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FIG. 9. Viscocapillary thinning and
pinch-off of viscous Newtonian fluids.
(a) Linear-linear plot captures thinning
dynamics of viscous filaments revealing
that thinning becomes linear with time
when a pinch-off moment is approached
in simulations of drop formation and (b)
numerically computed radius evolution of
a filament with time for a set of viscous
fluids is shown on a log-log plot. In all
five cases, the filament thinning dynam-
ics become linear toward the pinch-off.
The lines of best fit are shown as well as
line showing the slope of 1.

obtained from the numerical simulations match closely with
the experimental data, as shown in Fig. 8(b). Here the dimen-
sionless minimum neck radius plotted against the time interval
from pinch-off instant on a log-log axis such that pinch-off
is approached from the right to left follows the viscocapillary
scaling quite well.

In order to further investigate the possibility of using
the VOF method as implemented in FLOW-3D to simulate
pinch-off dynamics of highly viscous fluids with a viscosity
of 250ηwater and above, numerical simulations were carried
out with fluid properties listed in Table II. The properties
were chosen such that the surface tension and density of flu-
ids are kept fixed, implying that the Rayleigh time for all the
fluids is kept constant, while the Oh number of these fluids
increases in proportion to the change in viscosity. Since the
viscocapillary time tv = tR Oh depends on both the Ohne-
sorge number Oh and Rayleigh time tR , here the viscocapillary
time decreases from fluids 9 to 13 in proportion to the corre-
sponding decrease in viscosity of the fluid. The neck thinning
dynamics for these viscous fluids determined using the VOF
method based numerical simulation of dripping are shown
in Fig. 9. In Fig. 9(a), the radius evolution datasets are pre-
sented on a linear-linear plot against time with the purpose
of highlighting the effect of increasing viscous contribution
(and viscocapillary time). Due to our choice of parameters,
the decrease in the slope and increase in pinch-off time are
both directly correlated with the corresponding increase in
viscosity.

Furthermore, in Fig. 9(a), the radius evolution data before
the pinch-off instant tp can be seen to follow the viscocap-
illary thinning behavior, and here the dashed lines repre-
sent corresponding fits to the neck radius extracted from
numerical simulations of dripping carried out using FLOW-
3D. The radius evolution profiles R/R0 (here R0 = 0.85 mm)
are additionally shown as a function of shifted time (tp − t)
on a log-log plot. As the pinch-off is approached (again, the
thinning proceeds from the right to left), lines of the best
fit for each dataset included (dashed lines) display the linear
dependence expected from viscocapillary scaling. Thus, the
VOF method implemented in FLOW-3D captures drip-
ping behavior of highly viscous fluids quite well, for

viscosity values up to three orders of magnitude higher than
previous unsuccessful studies.

IV. CONCLUSIONS
We show that the VOF technique (implemented in FLOW-

3D) allows accurate and reliable determination of pinch-off
dynamics of Newtonian fluids, and we benchmark the numer-
ical results against experimental studies, included herein.
We show that the self-similar neck evolution obtained from
the computational analysis using the VOF approach can be
described by the scaling laws obtained from theoretical,
experimental, and numerical analysis. We find that the sim-
ulated radius evolution profiles match the scaling laws and
pinch-off dynamics that are experimentally observed and the-
oretically predicted for low viscosity fluids (with Oh < 0.1, clas-
sified as inviscid fluids). The computational analysis shows that
the neck profile for low viscosity Newtonian fluids becomes
self-similar and conical, with a cone angle of 18.1◦ in agreement
with theory,50,51 close to the pinch-off instant. Rich dynamics
before and after the pinch-off event including the formation
of a conical neck, surface overturning, and the formation of
satellite drops are all captured in these simulations. For flu-
ids with relatively high viscosities, our results indicate that
the thinning dynamics are captured by viscocapillary scaling,
quantitatively agreeing with the experiments. We are able to
simulate the neck shape and neck thinning dynamics as well
as satellite drop formation quite accurately for viscosity val-
ues up to three orders of magnitude greater than the viscosity
values said to be untenable based on earlier studies. The ratio-
nale for testing low viscosity fluids is due to their common
use in various applications such as inkjet printing in which
the typical viscosity value of utilized printing inks is lower
than 15 mPa · s. On the other hand, high fluid viscosities are
desirable in food or cosmetic dispensing applications or in
applications involving printing of various three-dimensional
structures.

While the break-up length of low viscosity fluids is quite
insensitive to increase in viscosity, for Oh > 0.1, the break-up
length increases dramatically with an increase in fluid vis-
cosity. The observations are quite pertinent to the design of
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dripping-based experiments for extensional viscosity charac-
terization. Even though the iterated stretching of high viscos-
ity fluids observed in highly stretched, long cylindrical slender
necks is not simulated for the chosen mesh size in simulations
presented here, the neck radius data included herewith from
simulations match the experimentally observed radius evolu-
tion quite nicely. The simulations also reveal that the overall
break-up time during dripping at a constant flow rate can be
much longer for the low viscosity fluids that follow inertio-
capillary thinning in pinch-off as the oscillations dominate the
early evolution of emerging and growing drop, in comparison
with highly viscous drops, where oscillations are damped out
and final thinning displays viscocapillary behavior.

Stream-wise velocity gradients associated with exten-
sional flow field arise within the columnar necks undergo-
ing capillary-driven thinning. The VOF method implemented
in FLOW-3D allows a robust evaluation of the magnitude of
the underlying stresses and extensional flow field (both uni-
formity and magnitude). The visualization of the flow field
within the thinning liquid filament shows that the flows
become truly extensional only when the neck radius shape
reaches its final self-similar shape. In rheologically complex
fluids, extra elastic stresses, as well as non-Newtonian shear
and extensional viscosity, dramatically alter the nonlinear
pinch-off dynamics.4,11,24,27 The present study represents a
sensible step toward performing a rigorous computational
analysis of the nonlinear dynamics critical for finite-time sin-
gularity of non-Newtonian fluids, as well as processability
and printability in more complex geometries. The benchmark-
ing studies presented herein are necessary first steps toward
developing algorithms and modules implemented using the
VOF technique to evaluate free surface flows in the presence
of additional complexity that could arise due to any one of
the following: moving contact lines, non-axisymmetric flows,
interfacial rheology, evaporative losses, Marangoni effects,
and for complex fluids, the effect of non-Newtonian viscos-
ity, extensional rheology response, and normal stresses. Fur-
thermore, experimental protocols used in Capillary Break-
up Extensional Rheometer (CaBER),4,57 Rayleigh-Ohnesorge
Jetting Extensional Rheometer (ROJER),11,15,38,62,63 Dripping-
onto-Substrate (DoS) Rheometry,24–27,64–66 and several oth-
ers19,20,58,67–71 rely on the visualization and analysis of neck
thinning dynamics in prototypical geometries for character-
izing material properties that determine jettability, printabil-
ity, spinnability, and sprayability of simple and complex fluids.
The analysis of free surface flows of complex fluids in vari-
ous geometries using FLOW-3D remains a part of the future
studies. Graphic inks conventionally used in ink-jet print-
ing are low viscosity fluids, with low particle loading, that
exhibit rate-independent shear viscosity and limited or no vis-
coelasticity. In contrast, unconventional inks containing DNA,
cells, or proteins,72–74 high-particle loading suspensions, pho-
tovoltaic or inorganic materials like fullerene or graphene,75

can exhibit higher, and rate-dependent, shear viscosity, and
highly nonlinear viscoelastic response. Emphasis on additive
manufacturing through rapid, precise deposition of such
unconventional inks has created additional need for

understanding and characterizing free surface flows. How-
ever, progress in both computational methods and easier
availability of computational resources present the possibility
that in the future, computational fluid dynamics will be used
increasingly and most frequently by engineers, designers, for-
mulators, scientists, and students or scientists in academia.
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