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ABSTRACT: Stream-wise velocity-gradients associated with

extensional flows arise in thinning liquid necks spontaneously

formed during jetting, printing, coating, spraying, atomization,

and microfluidic-based drop formation. In this contribution, we

employ Dripping-onto-Substrate (DoS) rheometry protocols to

measure the extensional rheology response of intrinsically

semi-dilute polymer solutions by visualizing and analyzing

capillary-driven thinning of a columnar neck formed between a

nozzle and a sessile drop. We show that extensional viscosity

that quantifies the resistance to stream-wise velocity gradients

is orders of magnitude higher than the shear viscosity.

Although shear flows only weakly perturb the chain dimen-

sions, extensional flows can strongly stretch and orient the

chains, thus influencing both intra- and inter-chain interactions.

We find that the extensional relaxation times for intrinsically

semi-dilute PEO solutions in a good solvent for five different

molecular weights increase linearly with concentration, exhibit-

ing a stronger concentration dependence than observed for

dilute solutions, or anticipated by blob models, developed for

relaxation of weakly perturbed chains in a good solvent. The

observed distinction between the concentration-dependent

relaxation dynamics of intrinsically dilute and semi-dilute solu-

tions arises due the complex influence of stretching, conforma-

tional anisotropy, and polymer concentration on excluded

volume and hydrodynamic interactions of flexible, highly

extensible polymers. VC 2017 Wiley Periodicals, Inc. J. Polym.

Sci., Part B: Polym. Phys. 2017, 55, 1692–1704

KEYWORDS: capillarity; DoS rheometry; extensional rheology;

printability; semi-dilute polymer solutions

INTRODUCTION Drop formation and liquid transfer in jetting,1–11

printing,11–16 coating, and spraying17 as well as microfluidic
drop/particle formation18 applications are accompanied by for-
mation of unstable columnar liquid necks that undergo surface
tension driven thinning and pinch-off. Advances in high-speed
imaging and visualization methods, coupled with advances in the-
ory and simulation methods for free surface flows,6–23 have
resulted in a fairly comprehensive characterization and under-
standing of capillary-thinning dynamics for simple, Newtonian flu-
ids. For Newtonian fluids, the complex interplay of inertial,
viscous and capillary stresses before and after breakup leads to
neck thinning dynamics that can often be described by universal
scaling laws, and self-similar neck evolution manifested in experi-
ments.6–16,20–27 Stream-wise velocity-gradients associated with
extensional flows arise in thinning liquid necks spontaneously
formed during printing,6–16,28–34 spraying and atomization17,35–39

and fiber spinning.40–45 Although extensional viscosity (gE) that
quantifies the resistance to extensional flows is only three times
the shear viscosity for Newtonian fluids as was pointed out by
Trouton,46 the extensional viscosity for polymer solutions can be
orders of magnitude higher (104–106 reported for dilute polymer

solutions).10–13,47–50 A particular challenge for describing pinch-

off dynamics of polymer solutions is the need for quantifying the

non-Newtonian extensional rheology response.

It is well-established that in comparison with Newtonian
fluids of the same viscosity and surface tension, additional
viscoelastic stresses contributed by the presence of polymers
result in a measurable delay in pinch-off that can be used
for obtaining a measure of both extensional viscosity
(transient gt

E
5gE _e; e; tð Þ as well as steady terminal exten-

sional viscosity, g1E )6–17,28–64 and an extensional relaxation
time, kE that correlates with the characteristic time needed
for chain relaxation after an extensional or stretching defor-
mation.11,54,65–67 Strain-rate dependent extensional viscosity
of polymer solutions can be measured using stagnation
point flows realized in four roll mills,68 cross-slot rheome-
ters,50,69,70 and opposed jet extensional rheometers,71,72 as
extensional rate can be controlled independently, and either
resulting pressure drop, or birefringence, can be measured.
In contrast, the intrinsic balance of stresses sets the exten-
sional rates realized in capillary-driven thinning experiments.
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Furthermore, as the transient extensional viscosity measured
in most techniques often depends on strain, strain rate and
the entire deformation history of the fluid,11,43,47,73 capillary-
thinning based measurements are more significant for deter-
mining printability, jettability or sprayability as the strains,
strain rate and deformation history mimic the values realized
in the realistic capillary-driven flows. Exceptionally high
extensional strain rates (_e > 103 s21) are hard to reach or
obtain in macroscopic or microfluidic stagnation-flow based
measurements of viscoelastic, low viscosity fluids due to
limitations of experimental techniques (see discussion in
Sharma et al.10), or due to inertial effects, or the onset of
elastic instabilities (observed for k_e � 1).50,74–78 However,
relatively high extension rates (_e > 103 s21) can be realized
in capillary-thinning experiments,10 allowing measurements
of elastic effects even for weakly viscoelastic fluids,10,12 and
in many cases, the steady terminal extensional viscosity val-
ues can also be measured.10,48,49,65 Though capillary thinning
dynamics have been used extensively for analyzing the
extensional rheology response of dilute polymer solu-
tions,10–12,28,29,48,49,54,79–81 relatively few studies have
explored the response of intrinsically semi-dilute polymer sol-
utions systematically.82,83 The present contribution is moti-
vated by the need for a deeper understanding of the capillary-
driven thinning and pinch-off dynamics, transient extensional
viscosity, concentration-dependent relaxation time, and conse-
quently printability of unentangled, semi-dilute solutions.

Polymer solutions are considered dilute below a critical overlap
concentration, c� � Mw=NAR3

g calculated by equating the vol-
ume per coil to the size of unperturbed chain at equilibrium.84

Here, NA is Avogadro’s number and the radius of gyration or
chain size Rg / Mw

m depends on molecular weight, Mw and
excluded volume (EV) interactions. Solvent quality determines
the values of EV exponent: m50:5 for h-solvent (ideal chains) to
m50:588 for good solvent (expanded coils). By definition, as
static and dynamic properties of dilute solutions are not influ-
enced by interchain interactions, the dynamics are typically
described using single chain models by accounting for chain
flexibility, entropic resistance to stretching, solvent-mediated
hydrodynamic interactions and EV interactions.66,84–86 For
dilute solutions, the macromolecular dynamics in quiescent
conditions (dynamic light scattering) or in shear flow for dilute
solutions are captured quite well by Zimm model,84–87 a single
chain model that accounts for both EV and hydrodynamic inter-
actions. In contrast, the original Rouse model84,85,88 that
neglects both effects (and is inconsistent with the measured
response of dilute solutions) is found to describe the dynamics
of unentangled melts quite well.

Unperturbed polymer coils in solution interpenetrate for intrin-
sically semi-dilute solutions with concentrations c> c*, and the
macromolecular dynamics in such semi-dilute polymer solu-
tions85,86 even under shear flow are relatively challenging to
understand and describe due to the influence of large concen-
tration fluctuations as well as local concentration-dependent
hydrodynamic and EV interactions. In this article, we focus
on intrinsically semi-dilute, unentangled polymer solutions

(1 < c=c� < ce=c�), such that the upper limit to the concentra-
tions investigated is set by entanglement concentration, ce,
beyond which topological interactions play a role. We experi-
mentally probe the dynamics of stretched chains in solutions
with polymer concentration above their overlap concentration
(c=c� > 1). Since a strong overlap exists between macromole-
cules even in their quiescent state, we refer to these as intrinsi-
cally semi-dilute solutions. In this study, we contrast their
behavior against solutions with c=c� < 1 that are considered
dilute under quiescent conditions or in shear, but referred to as
effectively semi-dilute in many extensional rheology studies,
due to increase degree of overlap and interchain interactions in
stretched chains.

The progressive screening of both EV and hydrodynamic inter-
actions in intrinsically semi-dilute solutions can be captured to
a good approximation by using composite Rouse-Zimm model
or the blob models.86,89 In the blob models, EV and/or hydro-
dynamic interactions play a role below a length scale shorter
than the blob size n. On length scales larger than the blob size,
r > n Rouse-like dynamics apply due to screening of hydrody-
namic as well as EV interactions by the presence of overlap-
ping chains. Although shear flows only weakly perturb the
chain dimensions, extensional flows can stretch and even
break the chains.9,69,90 Strong extensional flows can lead to
coil-stretch transition,84,91,92 and accumulated strain could
lead to extension of chains to their full, finite extensibility. The
intrachain and interchain interactions dramatically change as
the chain gets progressively stretched by extensional flow,
impacting both the magnitude and the concentration-
dependent scaling of extensional viscosity and relaxation
time.12,54,66,79,80 Even the solutions considered dilute based on
their equilibrium coil size, due to stretching in extensional
flow develop a fair degree of overlap, and several authors con-
trast their behavior with semi-dilute solutions.12,48,49,54,79,90

But, the extensional relaxation time measured for such solu-
tions increases with concentration kE / cm with the exponent
displaying values 0:31 < m < 1 that are distinct from
m5 0.31 expected for good solvents and m5 1 for theta sol-
vents. Furthermore, both coil-coil overlap and EV interactions
are influenced by the degree of stretching, conformational
anisotropy, and tension applied to the chains, and standard
blob theory was not designed for accounting of all the three
effects.

In the 1970s, de Gennes and Pincus postulated that the single
polymer chains under tension can be described by considering
an equivalent chain made up of tension blobs89,93,94 (Or Pincus
blobs) of size nt , such that structural anisotropy and the influ-
ence of the applied tension on intrachain interactions play a role
only above nt . At the molecular level, the question that remains
unanswered is how such chain of Pincus blobs relaxes or
behaves when surrounded by a sea of similarly stretched chains
in a good solvent. Prabhakar and coworkers66,67 outlined
related theoretical challenges and open questions quite recently
for unentangled polymer solutions in a theta solvent.66,67 Their
new constitutive model probes the influence of stretching on
polymer dynamics by combining the blob picture with an
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assessment of conformation-dependent drag, and infers that
stretching causes intermolecular interactions to become stron-
ger in the dilute regime and weaker in the semi-dilute regime.
However, Prabhakar et al.66 acknowledge that similar models
are needed for stretched chains in a good solvent, and there is
an utter lack of extensional rheology data for the intrinsically
semi-dilute, unentangled solutions. In this contribution, we ana-
lyze capillary thinning dynamics and extensional rheology
response of intrinsically semi-dilute, unentangled solutions
(1 < c=c� < ce=c�) to obtain measurements of extensional
relaxation time for five different molecular weights.

Quantitative analysis of the capillary-thinning and pinch-off
dynamics of a stretched liquid bridge48,49,51,52,56 is used in the
Capillary Break-up Extensional Rheometer (CaBER).11,63,95 As the
stretched bridge is formed by applying a discrete step-strain to a
drop placed between two parallel plates, and separating the
plates requires a finite time, the CaBER (and devices based on
step-strain) are impractical for accessing the pinch-off dynamics
of low viscosity (g < 20 mPa � s), low elasticity (k < 1 ms) flu-
ids, including aqueous polymer solutions. We recently12 showed
that Dripping-onto-Substrate (DoS) rheometry protocols that
involve visualization and analysis of capillary-driven thinning and
pinch-off dynamics of a columnar neck formed between a nozzle
and a sessile drop can be used for measuring extensional viscos-
ity and extensional relaxation time for highly dilute, aqueous
polymer solutions (low shear viscosity g � 2 mPa � s and sub-
millisecond relaxation times). Measurement of such short relaxa-
tion times are inaccessible in most commercially-available shear
and extensional rheometers, although a few measurements of
such low relaxation times have been reported recently10,12,96

(e.g., by using a jetting-based rheometer). In this contribution, we
use DoS rheometry for examining how concentration-dependent
extensional viscosity and extensional relaxation time change with
polymer molecular weight (extensibility) and concentration
(degree of overlap) for intrinsically semi-dilute solutions. The
experimental datasets presented here elucidate how variation in
concentration and molecular weight of polymers affects process-
ability and processing time scale for printing, spraying, and coat-
ing applications especially in cases where finite time pinch-off is
highly desirable.

MATERIALS AND METHODS

Aqueous solutions of poly(ethylene oxide) (PEO; Sigma-
Aldrich) of five molecular weights (average molecular weights
are 300; 600; 1000; 2000 and 5000 kg=mol) were prepared
by slowly adding powdered polymer to deionized water. The
solutions were placed on a roller for several days to ensure
that mixing was homogeneous, and to minimize chain break-
up associated with high shear rate mixing flows. The concen-
tration of solutions reported in this study for each molecular
weight ranges from 1 < c=c� < ce=c�, although we have also
carried out extensive characterization for dilute solutions.12 In
shear rheology, solutions are considered dilute if c=c� < 1, and
for such solutions, the concentration-dependent solution shear
viscosity g5gsð11c=c�Þ is comparable to solvent viscosity, gs.

The shear rheology response of the polymer solutions was
characterized using a concentric cylinder (double gap) Cou-
ette cell on an Anton Paar MCR 302 Rheometer (torque
range 1025–200 mN-m), and a representative dataset is
shown in Figure 1 for aqueous PEO solutions (Mw 5 106 g/
mol, with c*5 0.17 wt %). The values measured here and
the concentration-dependent response is similar to behavior
reported in literature.54,83 All experiments were conducted
at 25 8C. The steady shear viscosity, g _cð Þ � s= _c is computed
from the measured shear stress, s resulting from a specified
applied shear rate, _c . The dilute aqueous PEO solutions seem
to show a rate-independent viscosity value for the entire
shear rate range. In contrast, the semi-dilute solutions (for
c> c*5 0.17 wt. %; see Fig. 1) display shear thinning. As the
polymer concentration is increased, the onset of shear thinning
shifts to lower shear rates, as the shear relaxation time for
semi-dilute polymer solutions increases with concentration.

Critical overlap concentration and Zimm relaxation times val-
ues with varying molecular weights of PEO are provided in
Table 1. The estimates are based on molecular weight listed
by the supplier, and while making quantitative comparisons
with datasets, we must account for relative polydispersity of
these commercial polymer samples. The critical overlap
concentrations, c*, were calculated using the formula c�½g�
� 1 and the Mark-Houwink-Sakurada equation: ½g�5KMa

w.
Here, intrinsic viscosity, ½g� depends on molecular weight of

the polymer and the values of coefficient K51:2531022mL=
g and the exponent a5 0.78 are listed in the polymer hand-
book data.97 The Zimm relaxation time values are estimated

using kz5 1
fð3mÞ

½g�gsMw

RT . The pre-factor can be approximated by

the Riemann zeta function F ’ 1=fð3tÞ51=
P1

i51 1=i3tð Þ in
which t represents the solvent quality exponent, and it
varies from t 5 0.5 for an ideal chain in a theta solvent to

FIGURE 1 Steady shear viscosity as a function of shear rate for a

range of aqueous PEO solutions (Mw 5 106 g/mol, with c* 5 0.17

wt %). The measurements were carried out on an Anton Paar

MCR 302 (WESP) using double gap Couette geometry at 25 8C.
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m 5 0.588 for a coil in the good solvent.86 For the Kuhn
chain, the maximum extension or finite extensibility limit of

a chain can be estimated by extensibility L � Rmax =hRo
2i

1=25

NK
12m that contrasts the contour length of the chain Rmax as

a measure of the maximum size to which a chain can be
stretched, to the mean square end-to-end distance hRo

2i as
an estimate for unperturbed coil size. For this study, we
selected aqueous PEO solutions to examine the response of
model flexible polymers in good solvent with reasonably
high extensibility. The high extensibility polymer solutions
show a well-defined elastocapillary regime, allowing us to
measure concentration-dependent extensional relaxation
time.

Pinch-off dynamics and extensional rheology response were
characterized using DoS experimental protocols that were
developed and described in our previous contributions,12,13

where we showcased the versatility of DoS rheometry by
characterizing and contrasting the pinch-off dynamics of a
wide spectrum of simple and complex fluids: water, printing
inks, dilute polymer solutions, emulsions, yield stress fluids,
food materials (including honey, chocolate syrup, mayon-
naise, ketch-up, and egg yolk), and cosmetics (shampoo,
handcream, and conditioner). We showed that the same scal-
ing laws and stress balances apply for DoS rheometry as are
used for analysis with CaBER and other capillary-thinning
measurements.9–11,24,26,47–49,79–82 The experimental system
for DoS rheometry includes an imaging system and a dis-
pensing system, as shown in Figure 2.

A syringe pump connected to a nozzle is used for depositing
a discrete volume of fluid is delivered at a flow rate, Q. Rela-
tively low shear rates (< 1 s21) are encountered within the
stainless steel nozzle (inner and outer diameters,
Di 5 0.838 mm and D05 2R05 1.27 mm) for flow rate
Q5 0.02 mL/min used in this study, and as the estimated
Zimm relaxation time for each molecular weight is
kZ < 10 ms, the relaxation rate within nozzle is much faster
than deformation rate. The volume is then deposited onto a
glass substrate placed at a fixed distance H below the nozzle.
In contrast, much higher shear rates values (>103 s21) and
a pre-stretch are quite typical within the nozzle during
jetting-based rheometry studies.10,38 We have noted
before12,13 that slow release of drops onto a partial wetting
substrate (spreading parameter S < 0 and contact angle h <
908) helps to decouple the neck thinning dynamics from the

drop spreading dynamics. If needed, the contact line of the
sessile drop can be pinned by using a cylindrical plate as a
substrate, emulating the CaBER configuration. A stretched
liquid bridge created between the nozzle and a sessile drop
on substrate (see Fig. 2) undergoes capillary-driven instabil-
ity and thinning followed by the pinch-off at the necked
region of fluid (see Figs. 3 and 4 for montages). Movies of
this self-thinning process for a range of semi-dilute polymer
solutions were captured at a rate of 500–8,000 frames per
second. The imaging system consists of a light source, a dif-
fuser and a Photron Fastcam SA3 high-speed camera with an
addition of a Nikkor 3.13 zoom lens (18–50 mm) and an
additional super macro lens.

The DoS videos were analyzed using ImageJ98 and MATLAB
with specially written codes for edge detection, and determi-
nation of neck radius for analyzing thinning and pinch-off
dynamics. Radius evolution datasets are obtained using the
MATLAB code, and the step-by-step description of the analy-
sis is included in the supplementary document online. Since
aqueous solutions wet metal nozzle(s) used in this study,
the outer diameter of nozzle, Do is used for scaling the neck
diameter. The nozzle size is also used for determining the

TABLE 1 Properties of PEO Solutions for Four Different Average Molecular Weights of Polymer

Molecular Weight,

Mw (g/mol)

Critical Overlap

Concentration, c* (wt %)

Number of Kuhn

Segments, NK

Estimated Zimm

Relaxation Time, kz (ms)

33105 0.43 2784 0.01

63105 0.25 5568 0.04

13106 0.17 9280 0.1

23106 0.1 18560 0.35

53106 0.048 46400 1.8

FIGURE 2 Schematic for DoS Rheometry. The set-up includes

an imaging system and a dispensing system. The dispensing

system includes a syringe pump that releases a finite volume

of fluid through a nozzle placed height H above the clean glass

substrate. Size of the nozzle used in this study was D051:27

mm and the aspect ratio selected was H=D0 � 3. The imaging

system includes a light source, a diffuser and a high-speed

camera (with magnifying lenses) connected to a laptop for

visualizing and recording the capillary thinning and pinch-off

dynamics of the liquid neck formed by dispensing a discrete

amount of fluid onto a substrate.
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absolute pixel size per unit length. The typical size of sym-
bols chosen for all the radius evolution plots included in this
article is of the same order as the error (	 10 lm) esti-
mated by accounting for the resolution of the imaging sys-
tems and the analysis protocols.

RESULTS AND DISCUSSION

Concentration-Dependent Pinch-off Dynamics of
Unentangled, Semi-Dilute PEO Solutions
The capillary thinning and pinch-off dynamics of representa-
tive semi-dilute solutions (c5 0.5, 1.0, 1.5, and 2.0 wt %) of
a high molecular weight PEO (Mw5 106 g/mol, with
c*5 0.17 wt %) shown in Figure 3(a) were acquired using
DoS rheometry set-up. The necks formed between a nozzle

and a substrate are cylindrical slender filaments, characteris-
tic of high viscosity or high elasticity fluids,11,99 and distinct
from conical necks associated with inviscid or power law flu-
ids.100 The first image in the sequence for each concentra-
tion [see Fig. 3(a)] represents the specific moment at which
the neck radius is half of the nozzle radius R � 0:5R0. Com-
parison of the image sequences illustrates that the thinning
rate decreases and pinch-off time increases with an increase
in concentration. Neck radius evolution over time plots
shown in Figure 3(b) show the concentration-dependent
delay in pinch-off. Since the radius evolution datasets show
at least two distinct regimes, the datasets are all shifted such
that the first transition point tc overlaps for all five concen-
trations plotted here. The initial neck-thinning dynamics are
determined by interplay of capillary, viscous, and inertial

FIGURE 3 Characterizing capillary-driven thinning and pinch-off dynamics of semi-dilute PEO polymer solutions (Mw 5 1 3 106 g/

mol) using DoS rheometry technique. (a) Sequence of images show thinning dynamics for four concentrations of semi-dilute

aqueous PEO solutions acquired using a high-speed camera. Time step between the images is Dt525 ms and the scale bar is

0.5 mm. The neck shape evolves into the cylindrical shape associated with elastocapillary thinning. Movies obtained for 1 and

1.5% PEO are included as supplementary data online. (b) Neck radius evolution in time data for semi-dilute polymer solutions

displayed with the onset of elastocapillary regime matched. Radius evolution shows three distinct regimes and the intermediate

elastocapillary regime that appears linear on the semi-log plot is analyzed and fit with eq 4. The fits yield a measurement of

extensional relaxation time (see values listed in Table 2). Increasing polymer concentration leads to a longer pinch-off time, and a

longer extensional relaxation time. (c) Neck radius evolution data before the onset of elastocapillary regime shows a power law

dependence on time, and the exponent increases from 2/3 (IC) to 1 (VC) commensurate with an increase in solution viscosity. (d)

Scaled radius evolution plotted with time axis shifted is shown on a double log plot to highlight the change in scaling exponent in

the initial regime, that is, before the onset of elastocapillary thinning behavior. The power law fits R=R05Aðtf2tÞn for each dataset

show that the initial regime exhibits IC behavior with n 5 2/3 for low shear viscosity solutions (g < 10 mPa � s) and VC exponent of

n 5 1 is obtained for higher viscosity solutions.
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stresses. Additional viscoelastic stresses contributed by poly-
mers play a role after tc as detailed below.

For low viscosity fluids, the initial neck thinning dynamics
are dominated by inertial and capillary stresses, leading to
the following inertio-capillary (IC) scaling24,27 formula:

RðtÞ
R0

50:8
tf2t

tR

� �2
3

(1)

Here, tf represents the pinch-off time for an inviscid fluid
obtained by fitting eq 1. The IC time or Rayleigh time tR5

ðqR0
3=rÞ1=2 is the characteristic time-scale for IC thin-

ning2,5,6 and is associated with oscillation frequency of a
drop of mass qR0

3 acted upon by scaled restoring force set
by surface tension (acts like an “effective spring constant”).
We have shown before12 that the IC thinning is observed for
the solvent as well as in the initial regime, for dilute PEO
solutions (same Mw 5 106 g/mol) where solution shear vis-
cosity is less than twice water viscosity. As shown in Figure
3(c), the IC scaling can be observed up to concentration of
c5 0.5% by weight. Thus, we find that the initial neck radius
evolution exhibits IC thinning for c=c� � 3 in aqueous PEO
solutions with Mw 5 106 g/mol, and the radius evolution can

be described using eq 1 though the pinch-off time for these
polymer solutions is significantly longer than the value of tf
obtained from the fit. Beyond a critical time tc (tc 6¼ tf ) neck
thinning behavior displays elastocapillary scaling for dilute
polymer solutions, as discussed later in the article.

However, for higher viscosity fluids, the radius evolution is
primarily determined by the interplay of viscous and capil-
lary stresses leading to the Papageorgiou’s25,26 visco-
capillary (VC) scaling:

R

R0
50:0709

r
gR0
ðtp2tÞ50:0709

tp2t

tvc

� �
(2)

Indeed the linear decrease in radius can be used for determin-
ing viscosity of a Newtonian fluid as long as surface tension is
known. The characteristic time scale for VC thinning is called
VC time tvc5gR0=r and tp refers to the pinch-off time. The rela-
tive importance of viscous and IC effects can be evaluated by
computing Ohnesorge number, Oh5tvc=tR5g=

ffiffiffiffiffiffiffiffiffiffiffi
qrR0
p

. IC
effects are observed for Oh
 1 and for aqueous PEO solutions
(Mw 5 106 g/mol), the dilute solutions satisfy the criteria. On
increasing polymer concentration, shear viscosity increases
and the viscous stresses become comparable to inertial and

FIGURE 4 Characterization of capillary-driven thinning and pinch-off dynamics of unentangled, semi-dilute solutions of PEO. (a)

Sequence of images acquired using the DoS rheometry technique for three different concentrations for Mw 5 2 3 106 g/mol;

NK 5 18,560. The time interval between snapshots is Dt550 ms, and the scale bar is 0.5 mm. (b) Neck radius evolution in time data

for semi-dilute PEO solutions (Mw 5 2 3 106 g/mol) displays a mild transition to the intermediate elastocapillary regime; the data

is shifted to highlight the transition zone, and show how pinch-off time increases with an increase in polymer fraction. (c) Neck

radius evolution in time data for lower molecular weight PEO solutions (Mw 5 3 3 105 g/mol) shows that pinch-off time<20 ms.

(d) Increasing molecular weight results in more delayed pinch-off. The snapshots shown are for thinning neck of PEO solution

with Mw 5 5 3 106 g/mol, c=c� � 4:2. The data included here is for Mw 5 3 3 105 g/mol, c=c� � 4:65, Mw 5 1 3 106 g/mol, c=c� � 4:4,

and Mw 5 2 3 106 g/mol, c=c� � 4.
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capillary stresses. While the VC scaling is observed clearly for
higher concentrations [see Fig. 3(c,d)] where Oh > 1, we
report here that for the fluids of intermediate viscosity values,
a plethora of scaling exponents can be observed.27 Figure 3(d)
shows radius evolution for the initial regime plotted using a
shifted scale on a log-log axis to highlight the increase in power
law index from n5 2/3 to n5 1 when R=R05Aðtf2tÞn is used
for fitting the data for each concentration (e.g., for VC fits, tp5

tf and n5 1).

Beyond the transition point, all semi-dilute polymer solutions
show a pronounced elastocapillary behavior. The elastocapil-
lary thinning dynamics can be described using the following
expression based on a theory developed by Entov and Hinch65:

RðtÞ
R0

5
X
i

giR0

2r

� �1=3

exp ½2t=3ki� (3)

Here gi, ki are the modulus and relaxation time that corre-
spond to the ith mode of the relaxation spectrum.65 For many
polymer solutions,11,65 the elastocapillary response can be
captured reasonably well by a single exponential relaxation
function, using the following approximate equation11,65:

RðtÞ
R0
� GER0

2r

� �1=3

exp ½2t=3kE� (4)

where R0, GE, and kE are the initial radius of the configuration,
apparent elastic modulus, and the extensional relaxation time,
respectively. When radius evolution over time is plotted on a
semi-log plot (see Fig. 3), the elastocapillary regime displays as
a straight line. The lifetime of the elastocapillary regime and
the total time for break-up increase with an increase in the
polymer concentration. Nevertheless, the overall pinch-off
time is only of the order of 100 ms. Though CaBER measure-
ments are possible for elastocapillary regime for some of the
semi-dilute polymer solutions, the onset of the elastocapillary
behavior and the regime before it are typically not captured.
The concentration-dependent kE values obtained from the
fits shown in Figure 3 ranges from 3.5 to 16.5 ms for the
semi-dilute PEO solutions (Mw513106 g=mol). The kE values
are 35–165 times greater than the estimated value for Zimm
relaxation time, kz50:463 ½g�gsMw=RTð Þ50:1 ms.

For these PEO solutions (Mw513106 g=mol) that if the time
axis is rescaled with corresponding extensional relaxation
time for each concentration, the radius evolution profile
overlaps for the elastocapillary regime. However, as thinning
proceeds towards pinch-off, the accumulated strain can
stretch the polymer chains to their finite extensibility limit.
In the last stage, we notice that the capillary thinning behav-
ior departs from the exponential thinning regime [illustrated
using dashed line in Fig. 3(b)]. Before pinch-off, radius dis-
plays a linear decrease with time, characteristic of a VC thin-
ning behavior (see eq 2), both strain and strain rate increase
dramatically in this regime. The effective viscosity of the
thinning filament is much higher than pure solvent or
solution shear viscosity, as the steady terminal extensional
viscosity is reached for highly stretched chains.48,49,65 Table
2 lists the zero shear viscosity values (from data displayed
in Fig. 1), average extensional relaxation time values
obtained by fitting at least three different radius evolution
plots, and steady terminal extensional viscosity values
obtained from the finite extensibility regime (and shown in
Fig. 5) for semi-dilute aqueous PEO solutions (Mw 5 106 g/
mol, with c*5 0.17 wt %). The corresponding GE values are
also shown for the dataset used for computing extensional
viscosity data included in Figure 5. The finitely extensible
models (FENE-P model) predict the change from elastocapil-
lary to effectively VC regime, and predict that fully stretched
macromolecules in solution behave like a dilute suspension
of rigid rods that increases the total effective viscosity of the
fluid.101,102 In practice, the measured terminal extensional
viscosity values are always lower than the theoretical limit,
as steady state values are obtained before all the coils are
fully stretched.48,49

Influence of Molecular Weight on Pinch-off Dynamics
of Semi-Dilute PEO Solutions
Increase in pinch-off time with an increase in polymer con-
centration is also observed for semi-dilute aqueous PEO sol-
utions prepared with four other molecular weights, listed in
Table 1. Representative data is shown in Figure 4(a,b) for
Mw 5 23 106 g/mol and Figure 4(c) for lower molecular
weight solution (Mw 5 33 105 g/mol). Increase in overall
solution shear and extensional viscosity due to the increase
in polymer molecular weight (for the same c/c* values)
results in slowing down of capillary-driven thinning, and
therefore pinch-off times for Mw 5 23 106 g/mol solutions
[Fig. 4(b)] are much longer than those observed for
Mw 5 13 106 g/mol [in Fig. 3(b)]. The typical pinch-off time
for semi-dilute solutions of the lowest molecular weight pol-
ymers studied here (Mw 5 33 105 g/mol) is< 20 ms [see
Fig. 4(c)]. The measurement of elastocapillary response for
such systems cannot be obtained using CaBER as the pinch-
off time is shorter than the typical time needed (	50 ms)
for creating a stretched liquid bridge by applying step-strain
to fluid placed between two parallel plates (see Rodd et al.95

for a detailed discussion). Though such measurements are
possible with ROJER or the jetting-based rheometer,10,103

high shear rates within the nozzle can perturb the chains. In
both CaBER and ROJER, the initial deformation and preshear

TABLE 2 Zero Shear Viscosity, Extensional Relaxation Time,

and Steady Terminal Extensional Viscosity Values as a

Function of Concentration for Semi-Dilute Aqueous PEO

Solutions (Mw 5 106 g/mol, with c* 5 0.17 wt %)

Concentration

(wt. %)

g0

(Pa � s)

kE

(ms)

GE

(Pa)

g1E
(Pa � s)

0.5 0.01 4.66 6 0.23 0.91 32

0.75 0.022 6.59 6 0.1 0.6 38

1.0 0.044 9.36 6 0.39 0.58 41

1.5 0.16 12.02 6 1.03 0.64 45

2.0 0.41 16.51 6 0.68 0.48 73

FULL PAPER WWW.POLYMERPHYSICS.ORG
JOURNAL OF

POLYMER SCIENCE

1698 JOURNAL OF POLYMER SCIENCE, PART B: POLYMER PHYSICS 2017, 55, 1692–1704



applied can influence the measurement of extensional relaxa-
tion time and extensional viscosity values.10,13,33,57,63,65,103

The influence of extensibility on overall pinch-off dynamics
is illustrated best by contrasting the pinch-off dynamics of
four solutions with a similar degree of overlap (c=c� � 4)
but different molecular weights, as shown in Figure 4(d).
The datasets show that high Mw, highly extensible polymers
are detrimental to achieving high printing speeds. However,
due to the delayed pinch-off, high extensibility polymers
serve as ideal additives for improving the spinnability of
polymer solutions or particle-polymer dispersions.40,41

For dilute solutions, the neck radius evolution displays IC thin-
ning, followed by a sharp transition into an elastocapillary
regime, indicative of an underlying coil-stretch transition. In
semi-dilute solutions, (see Figs. 3 and 4), a sharp transition is still
observed at the lowest concentrations. However, the transition
becomes less sharp as the polymer concentration is increased,
implying that the coil-stretch transition becomes milder. Experi-
ments with the filament stretching extensional rheometer104,105

and recent Brownian dynamics simulations66,67 carried out at
Monash also demonstrate that both coil-stretch transition, and
coil-stretch hysteresis are milder above the overlap concentra-
tion. Recent experiments on extensional flows of fluorescently
labeled DNA chains in a semi-dilute solution, visualized in cross-
slot geometry, also show a milder coil-stretch transition.106

Increase in interchain interactions, a broader distribution of con-
formational states, screened hydrodynamic interactions, and
lower fractional extension all could lead to the observed milder
coil-stretch transition. Finally, in the last stage of neck thinning,
beads-on-a-string structures10,55,81,104,107–110 appear for many
solutions, and the iterated stretching in presence of such beads, is
registered in datasets of radius evolution as stepwise thinning
shown in Figure 4(d).

Extensional Viscosity of Aqueous Semi-Dilute Polymer
Solutions
In the elastocapillary and finite extensibility regime, the pri-
mary contributions to stresses within a thinning neck are from

elastic stresses gE _e contributed by polymer stretching and
orientation, and capillary stresses r=R that increase with
decrease in filament radius.11,65 The extensional viscosity
values can be obtained from the radius evolution data, by using
the following formula:

gE5
r

_eðtÞRðtÞ5
r

22dRðtÞ=dt (5)

The values of extension rates _e522dlnRðtÞ=dt for different
aqueous PEO solutions are calculated from the radius evolu-
tion plots. During the elastocapillary phase of the thinning pro-
cess, a homogeneous extensional flow with a constant and self-
selected extension rate (dependent on the extensional relaxa-
tion time) is established within the neck. Though extension
rate is constant, the Hencky strain or the total accumulated
strain in the liquid filament, e52ln R0

RðtÞ

� �
increases. The exten-

sional viscosity variation with increasing strain is displayed in
Figure 5 for semi-dilute PEO solutions of different two molecu-
lar weights (Mw513106 g=mol andMw523106 g=mol).

Extensional viscosity increases with both polymer concentra-
tion and molecular weight, and significant strain hardening
is observed even for the solutions that exhibit shear thinning
behavior (see Fig. 1). The absolute values of extensional vis-
cosity of the intrinsically semi-dilute polymer solutions are
102–104 times higher than their zero shear viscosity (see
Table 2 and Fig. 1), and this enhancement contributes to the
delayed pinch-off. During elastocapillary thinning phase, a
transient extensional viscosity, g

†

Eð_e; e; tÞ is measured using
the DoS rheometry technique. The extension rate remains
constant, while Hencky strain grows linearly in time. Fur-
thermore, the extension rate realized for each polymer con-
centration is different, even though the Wiessenberg number
(or the ratio of extension rate to the extensional relaxation
rate) has a constant value of 2/3. The extensional flow field
results in progressive stretching and orientation of the poly-
mer in solution. In the final stage, as the neck radius thins
linearly with time, the extension rate increases and diverges.
The presence of the last regime allows the measurement of

FIGURE 5 Transient extensional viscosity and terminal steady extensional viscosity as a function of Hencky strain. Aqueous semi-

dilute PEO solutions with (a) Mw 5 1 3 106 g/mol and (b) Mw 5 2 3 106 g/mol, respectively, show a pronounced strain-hardening

behavior. At high strains, the steady, terminal extensional viscosity values are obtained, that increase proportionally with molecu-

lar weight and polymer concentration.
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terminal steady extensional viscosity value that is independent
of both extension rate and strain. The terminal steady exten-
sional viscosity value is arguably a true material response48,49

that depends on both molecular weight and polymer concen-
tration, but not on extension rate or accumulated strain. The
terminal steady extensional viscosity values are reached before
all the chains are completely stretched out.49,111,112

Extensional Relaxation Time of Unentangled
Semi-Dilute Polymer Solutions
Extensional relaxation time (kE) values obtained by fitting
the elastocapillary regime [see Figs. 3(b) and 4(b–d)] with
eq 4 are plotted as a function of concentration for both
dilute and semi-dilute PEO solutions (Mw513106 g=mol) as
shown in Figure 6(a). The extensional relaxation time shows
two distinct regimes: the concentration-dependent scaling kE
	 cm has exponent m � 0:65 for dilute solutions (c=c� < 1),
whereas m � 1 for intrinsically semi-dilute, unentangled
solutions (1 < c=c� < ce=c�). Extensional relaxation time val-
ues for aqueous semi-dilute PEO solutions of five different
molecular weights obtained by DoS rheometry are displayed
in Figure 6(b). The concentration-dependent relaxation time
data shows the same exponent m � 1, though the absolute
values of the extensional relaxation time increase as molecu-
lar weight or extensibility is increased. For PEO solutions
dissolved in water, Arnolds et al.83 found that exponent of 4/
36 1/3 in neck thinning experiments conducted with CaBER
for semi-dilute polymer solutions. As bulk of the data
reported in Arnolds et al.83 were acquired for c=c� > 10
both entanglement effects and the influence of shear thin-
ning lead to somewhat higher exponent (and higher error
bars for slope and data displayed in their plots). Likewise,
Clasen’s measurements of extensional relaxation time of
semi-dilute solutions of polystyrene (PS) in diethyl phthalate
primarily include datasets for c=c� > 8 or intrinsically
entangled solutions.113 The datasets included in Figure 6(b)
are chosen to illustrate how extensional relaxation time for

intrinsically semi-dilute unentangled solutions show linear
concentration dependence, and the behavior is quite distinct
from solutions with c=c� < 1.

Several researchers have discussed the exponent for
concentration-dependent increase of extensional relaxation
time for dilute polymer solutions (c=c� < 1), obtaining values
ranging from m5 0.65 for PEO solutions in water and glyc-
erol/water54 using dripping, m50:58 for PS in the relatively
good solvent DEP and m50:89 PS dissolved in the near theta
solvent of styrene oligomer79 using CaBER and m5 0.65
using DoS rheometry for aqueous PEO solutions.12 Even for
relatively low concentrations (c=c� < 0:1), the extensional
relaxation time values exceed the values predicted by Zimm
theory. Near the overlap concentration (c=c� < 1), measured
extensional relaxation time values show a power law in their
concentration dependence, that is distinct from the linear
concentration-dependence kðcÞ5kRZ 11kH½g�cð Þ, where kH is
the Huggins constant, anticipated by Muthukumar and
Freed.114 However, even if polymer coils are initially non-
overlapping (as expected in dilute solution), as stretched
chains can overlap, several authors54,67,79,115 invoke the blob
theory or composite Rouse-Zimm model developed for
intrinsically unentangled semi-dilute solutions for describing
the dynamics of partially overlapping stretched polymer
coils, as is discussed next.

The blob theory, as originally devised for intrinsically semi-
dilute solutions, assumes that on length scales larger than
the correlation length (nh � n, hydrodynamic comparable to
EV screening length), the dynamics are many-chain like, both
EV and hydrodynamic interactions are screened, and Rouse-
like dynamics are followed. Relaxation time on these length
scales can be described using Rouse model according to

equation schain � sn
N
g

� �2
� gs

kT n3 N
g

� �2
and the number of

monomers in the correlation blob is g � / n
b

� �3 � /21=ð3v21Þ.
The volume fraction / is related to the concentration c’ in

FIGURE 6 Extensional relaxation time kE for aqueous PEO solutions obtained using DoS experimental protocol. (a) The exten-

sional relaxation time datasets for PEO solutions (Mw 5 106 g/mol). As indicated in the figure, their concentration dependence

shows two distinct regimes. (b) Extensional relaxation time kE extracted using DoS extensional rheometry protocol as a function

of concentration for five molecular weights of aqueous PEO. All concentrations shown are considered semi-dilute based on critical

overlap concentration c* calculations for unperturbed coils.
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mass/volume by the expression /5c’NKbK3NA=Mw. By com-
bining these two expressions, the resulting expression for
concentration dependent relaxation time becomes:

schain � sn
N

g

� �2

� gs
kT

n3
N

g

� �2

� gsb
3

kT
N2/ð223vÞ=ð3v21Þ (6)

The exponent that describes concentration dependence is
m5ð223tÞ=ð3t21Þ ffi 0:31 for good solvents (EV interac-
tions included) and m5ð223tÞ=ð3t21Þ ffi 1 if EV interac-
tions are screened or absent.

Water is considered to be a good solvent for PEO and it is
therefore, expected that relaxation time of the semi-dilute
aqueous PEO solutions would show a concentration depen-
dence with the exponent, m5 0.31. However, as seen in Fig-
ure 6(a), relaxation time extracted from DoS extensional
rheometry experiments, kE, shows m5 0.65 for c/c*<1 and
similar values are obtained when experiments utilize dilute
polymer solutions.12,48,49,54,79 In a previous contribution on
extensional relaxation times for dilute PEO solutions, we
argued that as the EV interactions will be screened only par-
tially for stretched chains, the extensional relaxation time is
likely to be a geometric mean of the exponent for good and
theta solvent. By defining a monomer relaxation time as
ko � gsb

3=kT , this leads to a relationship of the form kE � ko
N2/0:65 that seems to quantitatively capture the concentra-
tion dependence observed for dilute solutions (and for simi-
lar literature data10,28,29,54). For intrinsically semi-dilute,
unentangled solutions, the shear relaxation time is expected
to show m5 0.31 in good solution and m5 1 in a theta sol-
vent. Following the arguments of de Gennes,89,91 Pincus93,94

and Brochard-Wyatt et al.73 that outline relaxation dynamics
for single stretched chains using tension blob concepts, we
posit that the stretching of polymer coils leads to progressive
screening of EV interactions and due to conformational
anisotropy, stretching also alters the local hydrodynamic
interactions. For stretched polymer chains of intrinsically
semi-dilute solutions, the EV interactions are screened on all
length scales irrespective of the solvent quality. Thus, the
exponent approaches value m51 for a “theta solvent” as is
observed experimentally (see Fig. 6).

The extensional relaxation time data for aqueous semi-dilute

PEO solutions with molecular weights of 63105; 13106;

and 23106 g=mol provide a self-consistent estimate for the
kE=koN2), and the three datasets yield the monomer relaxa-
tion time ko values of 1.18, 1.24, and 1.38 ns, respectively.
The values are marginally higher than the value estimated
using ko � gsb

3=kT50:29 ns, and the extension-rate depen-
dent values obtained from neutron spin echo measure-
ments116 (segmental relaxation time of 117 ps was reported
for an extension rate of 4 s21). Thus, it is possible to make
an estimate for Zimm relaxation time using kZ � koN3t as
well as Rouse relaxation time using ko values extracted from
DoS rheometry data. We find that for the aforementioned
three molecular weights, the estimates for Zimm time
obtained by using monomeric friction values extracted from

DoS rheometry measurements are of the same order of mag-

nitude as those obtained using the formula kz5 1
fð3mÞ

½g�gsMw

RT .

However, other factors like amplified concentration fluctua-
tions, possible role of topological constraints, conformational
anisotropy and the resulting influence on the overall drag
coefficient and on the relaxation dynamics, are not captured by
eq 6, and these warrant further investigation.66,67,84,85,106,117,118

CONCLUSIONS

Capillary-driven thinning and pinch-off dynamics of intrinsi-
cally semi-dilute, unentangled PEO solutions of different
molecular weights were investigated using DoS rheometry
technique. Our experimental results show that the macromo-
lecular dynamics in intrinsically semi-dilute solutions exhibit
concentration-dependent response to extensional flows that
is quite distinct from nominally dilute polymer solutions that
can exhibit some degree of overlap on stretching. Pinch-off
time increases with an increase in concentration for the
intrinsically semi-dilute polymer solutions (with concentra-
tions above a critical overlap concentration, c* computed
using the equilibrium coil size). In contrast to the very pro-
nounced IC behavior observed for the initial neck thinning
for the highly dilute, aqueous PEO solutions, the initial thin-
ning dynamics of the semi-dilute solutions displays IC expo-
nent (2/3) for lowest concentrations and VC scaling
(exponent, n5 1) at the highest concentrations explored in
this study. However, a plethora of intermediate exponents
(2/3< n <1) are observed for a range of concentrations. In
the initial regime, the interplay of viscosity, inertia, and capil-
lary stresses governs the thinning dynamics. Due to the rela-
tively high extension rates, and accumulated strain realized
in extensional flows within the thinning neck, polymers can
under-go a coil-stretch transition, and thereafter the thinning
dynamics switches to elastocapillary response as the inter-
play of viscoelastic stresses and capillarity governs the thin-
ning dynamics. Semi-dilute solutions of highly extensible
PEO solutions used in the current study display a pro-
nounced elastocapillary regime, but the transition to elasto-
capillary regime is not as sharp as observed for dilute
solutions, implying coil-stretch transition is milder, in agree-
ment with observations made in stagnation flow
experiments.

Both extensional relaxation time and extensional viscosity
(transient and terminal steady value) of unentangled semi-
dilute solutions increase with concentration, and we show
that the extensional rheology response of intrinsically semi-
dilute solutions is quite distinct from that of dilute solutions.
In shear flow of unentangled semi-dilute solutions in good
solvent, concentration-dependent variation in relaxation time
is expected to display an exponent of m5 0.31. However, the
extensional relaxation time measured using DoS rheometry
increases linearly with concentration, displaying exponent
m5 1. The observed relaxation time dependence indicates
that EV interactions for stretched chains are screened on all
length scales and thus, relaxation time scales with concentra-
tion linearly as expected for theta solvents. The stretching of
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chains can also influence the threshold for observing the
effect of entanglements, as well as relative number of entan-
glements, and such effects become more manifest at higher
concentrations.71,72,106 The possibility of chain entangle-
ments due to stretching of initially unentangled solutions
was not considered in the present contribution, and these
effects require further investigation using higher concentra-
tion solutions. Based on the experimental data from Arnolds
et al.83 and Sachsenheimer et al.119 for aqueous PEO solu-
tions and Clasen82 for PS dissolved in DEP, the extensional
relaxation time is expected to show a shaper concentration-
dependent increase than observed for unentangled dilute
and semi-dilute solutions.

Although this study is exclusively focused on the capillary-
driven neck thinning, extensional flow fields arise in all realis-
tic processing flows involving converging or diverging chan-
nels (enhanced oil recovery73,120,121 and flows through
membranes), mixed flows with strong extensional component
(turbulent drag reduction122–124 and coating flows125–127),
and flow through nozzles and needles connected wider bore
capillaries or syringes, relevant for pumping and liquid trans-
fer applications. Although the transient extensional viscosity
relevant for such flows is not captured by the capillary-driven
thinning experiments, both extensional relaxation time values
and the measured terminal steady extensional viscosity values
are material parameters that provide insight into the process-
ing behavior of polymeric complex fluids. Finally, it is hoped
that the presented datasets will provide motivation for devel-
oping constitutive models that capture and describe the
concentration-dependent increase in the value of terminal,
steady extensional viscosity values, and the role of extensibility
as well as accumulated extensional strain.
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